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Abstract 

We introduce multidimensional Schur multipliers and characterise 
them generalising well known results by Grothendieck and Peller. We 
define a multidimensional version of the two dimensional operator mul- 
tipliers studied recently by Kissin and Shulman. The multidimensional 
operator multipliers are defined as elements of the minimal tensor 
product of several C*-algebras satisfying certain boundedness condi- 
tions. In the case of commutative C*-algebras, the multidimensional 
operator multipliers reduce to continuous multidimensional Schur mul- 
tipliers. We show that the multipliers with respect to some given 
representations of the corresponding C*-algebras do not change if the 
representations are replaced by approximately equivalent ones. We es- 
tablish a non-commutative and multidimensional version of the char- 
acterisations by Grothendieck and Peller which shows that universal 
operator multipliers can be obtained as certain weak limits of elements 
of the algebraic tensor product of the corresponding C*-algebras. 



1 Introduction 

A bounded function ip : N x N — > C is called a Schur multiplier if {(p(i, j)dij) 
is the matrix of a bounded linear operator on £ 2 whenever (oy) is such. The 
study of Schur multipliers was initiated by Schur in the early 20th century. A 
characterisation of these objects was given by A. Grothendieck in his Resume 
[15] . where he showed that Schur multipliers are precisely the functions <p of 
the form <p(i,j) = Y^T=i a k{i)bkti)i where ak,bk : N — > C are such that 
su Pi YlkLi l a fc(*)| 2 < 00 an d su PiSfeLi |kfc(i)| 2 < 00 • Schur multipliers have 
had many important applications in Analysis, see e.g. [2], [Hi] and [25]. One 
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of the forms of the celebrated Grothendieck inequality can be given in terms 
of these objects |25j. 

One of the most important developments in Analysis in recent years has 
been "quantisation" [12], starting with the advent of the theory of operator 
spaces in the 1980's in the work of Blecher, Effros, Haagerup, Paulsen, Pisier, 
Ruan, Sinclair and many others, and based on Arveson's pioneering work 
in the 1970's. Operator space (or non- commutative) versions are presently 
being found for many results in classical Banach space theory [7J [2TJ [26] . A 
construction underlying many of the developments in Operator Space Theory 
is the Haagerup tensor product, as well as its weak counterpart, the weak* 
Haagerup tensor product [5] and its generalisation, the extended Haagerup 
tensor product [14|. Grothendieck's characterisation can be formulated by 
saying that the set of Schur multipliers coincides with the extended (or the 
weak*) Haagerup tensor product £°° ® e h £°° of the space £°° of all bounded 
complex sequences, with itself. 

Schur multipliers are elements of the commutative von Neumann algebra 
f°°(NxN), or equivalently of the (von Neumann) tensor product of (the com- 
mutative von Neumann algebra) £°° with itself. Subsequently, they form a 
commutative algebra themselves. Their quantisation was initiated by Kissin 
and Shulman in [20]. Suppose that A and B are C*-algebras and tt and p 
their representations on H and K, respectively. The Hilbert space tensor 
product H g) K can be naturally identified with the Hilbert space C 2 (H d , K) 
of Hilbert-Schmidt operators from the dual H d of H into K. It follows that tt 
and p give rise to a representation cr^p of the minimal tensor product A ® B 
of A and B on C2{H d , K). Kissin and Shulman call an element ip e A <g> B a 
tt, p-multiplier if a n)P (ip) is bounded in norm of C2{H d , K) induced by its in- 
clusion into the algebra B(H d , K) of all bounded operators from H d into K. 
In [20], they study two sets of problems: the dependence of tt, p-multipliers 
on tt and p and the description of the norm of an operator multiplier. Most 
of their results are established in the more general setting of symmetrically 
normed ideals. 

Assume that A and B are commutative, say A = C (X) and B = C (Y), 
for some locally compact Hausdorff spaces X and Y, and that the representa- 
tions tt and p arise from some spectral measures on X and Y. The notion of a 
tt, p-multiplier is in this case closely related to double operator integrals. The 
theory of these integrals was developed by Birman and Solomyak [31 HI [6] 
in connection with various problems of Mathematical Physics and in partic- 
ular of Perturbation Theory. If (X, S) and (Y, T) are spectral measures on 



2 



Hilbert spaces H and K, they denned the double operator integral 
h{T)= [ if)(x,y)d£(x)TdF(y) 

J XxY 

for every bounded measurable function if> and every operator T from the 
Hilbert-Schmidt class C2(H,K). A function if) is called a Schur multiplier 
with respect to £ and T if 1$ can be extended to a bounded linear transformer 
on the space (B(H, K),\\ ■ || op ) of bounded operators from H to K, that is, 
if there exists C > such that ||^(T)|| op < C\\T\\ op for all T E C 2 {H,K). 
Peller [23] (see also [IB]) characterised Schur multipliers with respect to £ 
and T in several ways. In particular, he showed that the space of Schur 
multipliers with respect to £ and T coincides with the extended Haagerup 
tensor product L°°(X) <S> e h L°°(Y) and the integral projective tensor product 
L°°(X)® i L°°(Y). 

Several attempts were made to generalise the Birman-Solomyak theory to 
the case of multiple operator integrals [221 EDI |29j. Such integrals appear, for 
instance, in the study of differentiability of functions of operators depending 
on a parameter. A recent definition of multiple operator integrals by Peller in 
[23] is based on the integral projective tensor product. For some fixed spectral 
measures (X 1 ,£ 1 ), . . . , (X n , £ n ) on Hilbert spaces Hi, ... , H n , he defines 

I^(Ti, T n _i) = / ip(x!, ...,x n ) d£i{xx)T x d£ 2 (x 2 ) . . . T n _ x d£ n (x n ), 

J XiX...xX n 

where if) G L°°(Xi)®i . . . ®iL°°(X n ) and T\, . . . , T n _i are bounded linear op- 
erators, and shows that 

i)IU<IHI i||-^l||op • • • || -^n.— 1 llopj 

where \\if)\\i denotes the integral projective tensor norm of if). If the spectral 
measures are multiplicity free and Ti, . . . , T n _i are Hilbert-Schmidt operators 
with kernels /i, . . . , f n -i, respectively, then I^(Ti, . . . , T n _i) is a Hilbert- 
Schmidt operator with kernel S^(fi, . . . , f n -i) G L 2 (Xi x X n ) equal to 

/ if)(xx, x n )fi(xx, x 2 ) ■■■ / n _i(z n _i, x n ) d£ 2 (x 2 ) . . . d£ n -x{x n - X ). 

J X 2 x...xX„_i 

, (1) 

This was the starting point for our definition of multidimensional Schur 
multipliers in Section [3j Let (JQ,/^), i— 1, ...,n, be standard c-finite mea- 
sure spaces and V(X U . . .,X n ) = L 2 (XxX X 2 )QL 2 (X 2 x X 3 )Q. . .OL 2 (X n _x>< 
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X n ) be the algebraic tensor product of the corresponding L 2 -spaces equipped 
with the projective tensor norm, where each of the L 2 -spaces is equipped with 
its L 2 -norm. An element ip G L°°(Xi x ■ ■ ■ x X n ) determines a bounded lin- 
ear map S^, from T(Xi, . . . ,X n ) to L 2 (X\, X n ) given on elementary tensors 
fi®...®f n G r(Xi, . . . , X n ) by ([1]) (where the integration is now with 
respect to ^ instead of On the other hand, for any measure spaces 
(X,fi) and (Y,u), the space L 2 {X x Y) can be identified with the class of 
all Hilbert-Schmidt operators from L 2 (X) to L 2 (Y); to each / G L 2 (X x Y) 
there corresponds the operator Tf given by Tf£(y) = f x f(x, y)^(x)d/i(x), 
£ G L 2 (X). Using this identification, one can equip the space L 2 (X x Y) with 
the opposite operator space structure arising from the inclusion of L 2 (X x Y) 
into B(L 2 (X), L 2 (Y)). We further equip T{X\, . . . , X n ) with the Haagerup 
tensor norm || ■ || h , where the L 2 -spaces are given their opposite operator space 
structure described above, and say that an element ip G L°°(Xi x . . . x X n ) 
is a Schur multiplier (with respect to fii, . . . , fi n ) if there exists C > such 
that 

||^($)|| op <C||$|| h , forall$Gr(X 1 ,...,X ri ). (2) 

Using a generalisation of a result of Smith [27J on the complete boundedness 
of certain bounded bimodule maps to the case of multilinear modular maps, 
we obtain a characterisation of multidimensional Schur multipliers as ele- 
ments of the extended Haagerup tensor product L 0O (X 1 ) ® eh . . . ® eh L°°(X n ) 
(Theorem I3.4p . This generalises Grothendieck's and Peller's characterisa- 
tions in the case n = 2. We show that the integral projective tensor product 
consists of multipliers and, therefore, L°°(Xi)<g>i . . . ®iL°°(X n ) C L°°(Xi)® eh 
. . . ® e h L°°(X n ). The converse inclusion is true in the case n = 2 [23J but 
remains an open problem for n > 2. 

In Section H] we consider a non- commutative version of multidimensional 
multipliers following the Kissin-Shulman approach in the two dimensional 
case. We replace the functions ip by elements of the minimal tensor product 
Ai ® ... ® A n of some given C*-algebras Ai, . . . ,A n and the measure /i, 
by a representation 7Tj of A4. We thus obtain a class of operator 7i"i, . . . , 7r n - 
multipliers. If each Ai is a commutative C*-algebra, say Ai = Co(Xi) for 
some locally compact Hausdorff space Xj, and ^i(f) is the operator of multi- 
plication by / G Cq(X) acting on L 2 (Xi, /ij), then ip is a 7Ti, . . . , 7r n -multiplier 
if and only if if) is a Schur multiplier with respect to /xi, . . . ,fi n (Proposi- 
tion |46j). As in the two-dimensional case, we show that the set of 7Ti, . . . , 7r n - 
multipliers does not change if we replace each 7Tj by an approximately equiv- 
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alent representation (Theorem 15.11) . A consequence of this result is the fact 
that the class of continuous (multidimensional) Schur multipliers depends 
only on the supports of the measures fa. 

In Section [6] we study universal mutlipliers, that is, the elements of 
Ai®.. ■ <8> A n which are tti, . . . , 7r n -multipliers for all representations %i of Ai, 

1 = 1, . . . , n. We characterise such multipliers as the elements of a certain 
weak completion of the algebraic tensor product A\Q. . -G)A n (Theorem 16. 6p . 
In the case where the C*-algebras are commutative and n = 2 this was proved 
in [20]; the case of arbitrary C*-algebras was left as a conjecture. Our result 
may be thought of as a non-commutative and multidimensional version of 
Grothendieck's and Peller's characterisations of Schur multipliers. The key 
ingredient in the proof is the observation that a universal multiplier deter- 
mines a completely bounded multilinear modular map from the Cartesian 
product of the C*-algebras of compact operators into the C*-algebra of com- 
pact operators which allows us to use a result by Christensen and Sinclair 
[9] providing a description of all such mappings. 
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2 Preliminaries 

In this section we collect some preliminary notions and results which will be 
needed in the sequel. 

Let if be a Hilbert space. The dual space H d of H is a Hilbert space 
and there exists an anti-isometry d : H — ► H d given by d(x)(y) = (y,x), 
x,y G H. We set x d = d(x). 
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If H and K are Hilbert spaces, we let B(H, K) be the space of all bounded 
linear operators from H into K, and || • || op be the usual operator norm on 
B(H,K). We let JC(H,K) be the subspace of all compact operators, and 
C2(H, K) be the subspace of all Hilbert-Schmidt operators, from H into K. 
For each T G C2{H,K), we denote by ||T||2 the Hilbert-Schmidt norm of 
T. The space C2(H, K) is a Hilbert space with respect to the inner product 
(T,S) = tr(TS*), where S* denotes the adjoint of the operator S. We let 
B(H) = B(H, H), K{H) = K{H, H) and C 2 (H) = C 2 (H, H). 

If T e B(H, K) we denote by T d G B(K d , H d ) the conjugate of T. We 
have that ||T d || op = ||T|| op and T d x d = (T*x) d , whenever x G H 2 . Another 
way of expressing the last identity is 

T d = dT*d-\ (3) 

We also have 

(T*) d = (T d )* and (AT) d = AT d , A G C. (4) 

We let H ® K be the Hilbert space tensor product of H and K. There 
exists a unitary operator 9 : H®K — > C2(H d , K) given on elementary tensors 
x®|/G-ff(8)i^by 

0(x ® y)(;z d ) = (x, z)y, z d G # d . 

If A G S(if), B G a; G H and y G AT, we have that 0((A®B)(x®y)) 

= B9(x®y)A d , and hence 

9((A®B)£) = B9(£)A d for all £ G H®K. (5) 

If G B(H ® it), let cr(^) G B{C 2 {H d , K)) be given by the formula 

Then <r implements a unitary equivalence between B(H ®K) and £>(C2 (-^ d > 
X)). We will call an element ip G B(H®K) a concrete (operator) multiplier if 
there exists C > such that ||<7(^)T|| op < C||T|| op , for each T G C2(H d ,K). 
Suppose that H = l 2 (X), K = 1 2 {Y) for some sets X and Y and ip is 
the operator on H <g> X = £ 2 (X x V) of multiplication by a function G 
x Y). The concrete operator multipliers of this form are precisely the 
classical Schur multipliers onlxF (see e.g. [25J). 
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Let A and B be C*-algebras. We denote by A ® B the minimal tensor 
product of A and B. Let n : A — > <6(if) (resp. p : £> — > B(K)) be a 
representation of ^4 (resp. £>). Then 7r (g) p : ^4 <g> B — > <6(ii (g) if), given on 
elementary tensors by (7r ® p)(a ® b) = 7r(a) <8> p(&), is a representation of 
.4 ® £>. Let cr^p = cr o (tt <g> p); clearly, cr^p is a representation of ^4 (g> 23 on 
C2{H d , K), unitarily equivalent to 7r <g> p. We moreover have 

a WiP (a <g> 6)T = p(£>)T7r(a) d , a £ A,b £ B,T £ C 2 (H d , K). 

An element <p £ A ® B is called a 7r, p-multiplier [20] if there exists C > 
such that 

IK P (<p)T|| op < C\\T\\ op , for each T G C 2 (H d , K), (6) 

in other words, if (tc <g> p)(<p) is a concrete operator multiplier. The set of 
all 7i, p-multipliers in A <E> £> is denoted by M 7ri p(^4, $), and the smallest 
constant C appearing in (jBJ) is denoted by ll^ll^p. If <p is a 7r, p-multiplier for 
all representations n of A and p of B then <p is called a universal multiplier. 
The set of all universal multipliers is denoted by M.(A,B); if <p £ M.(A,B) 
we let ||<p||univ = sup,,.. |Mk,/>- It is not difficult to see that in this case 
1 1 V 5 1 1 univ < oo [20]. 

We now recall some notions from Operator Space Theory. We refer the 
reader to [7], [TH] and [25] for more details. An operator space £ is a closed 
subspace of B(H,K), for some Hilbert spaces H and K. If n,m £ N, by 
M n ^ m (£) we will denote the space of all n by m matrices with entries in 
£ and let M n {£) = M n>n (S). Note that M niTn (£) can be identified in a 
natural way with a subspace of B(H m , K n ) and hence carries a natural op- 
erator norm. If n = oo or m = oo, we will denote by M n ^ m {£) the space 
of all (singly or doubly infinite) matrices with entries in £ which represent 
a bounded linear operator between the corresponding amplifications of the 
Hilbert spaces and set M oc (^) = M 00j00 (£). We also write M n _ m = M njm (C) 
and Mqo = Moo j00 (C). If a = (ay) G M njTn (£), where ay G £, we let 
a d = ( a J); thus a d G B(K d ' m , H d > n ). We also let o* = (a it ) G M m>n (£); 
thus a* G B(H n , K m ). We have ||a d || op = Ha*^ and ||a d »*||op = ||a|| p' The 
opposite operator space £° of the operator space £ is defined as follows: if 
£ C S(ii, if) then £° = {x d : x G £ } C £(if d , ii d ). 

If £ and JF are operator spaces, a linear map $ : £ — ► JF is called com- 
pletely bounded if the map : M k (£) — ► M fc (J r ), given by $ (fc) ((ay)) = 

($(ay)), is bounded for each fceN and ||$|| c b = sup fc ||$^|| < oo. 
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Let £, £i, . . . , £ n be operator spaces. We denote by £\ • • • £ n the 
algebraic tensor product of E\, . . . ,£ n . Let a k = (a£-) G M mkjTnk+1 (£*.), k = 
1, . . . ,n. We denote by 

a 1 • • • a n G M mi>mn+1 (£!©•••© £ n ) (7) 

the matrix whose j-entry is 

E a U® a L 3 ® •••«<,;■ ( 8 ) 

12,-i'n 

Let $ : £i x • • • x £ n — > £ be a multilinear map and 

$ (m) : M m {£ x ) x M m (£ 2 ) x • • • x M m (£ n ) -> M m (£) 
be the multilinear map given by 

$M(a\...,a%-= £ ■■■> a lj)> ( 9 ) 

where a k = (af-) G M m (£ k ), 1 < z, j < m. The map $ is called completely 
bounded if there exists C > such that for all m G N and all elements 
a k G M m (£k), k = 1, . . . , n, we have 

||$^(o 1 ,...,o n )|| < CHa 1 !! ... ||a n ||. 

Every completely bounded multilinear map $ : £i x ■ • • x £ n — > £ gives 
rise to a completely bounded linear map from the Haagerup tensor product 
£\ 0h • • • 0h into £. For details on the Haagerup tensor product we refer 
the reader to [13] . 

If i?i , . . . , -R n+ i are rings, Mj is a i^j-left and i?j + i-right module for each 
i = l,...,n, and M is an R\, R n +i -module, a multilinear map $ : Mi x 
■ ■ • x M n — > M will be called R\, . . . , i? n+ i-modular (or simply modular if 
Ri, . . . , Rn+i are clear from the context) if 

$(aimia 2 , m 2 a 3 , m 3 a 4 , . . . ,m n a n+ i) = ai$(mi, a 2 m 2 , a 3 m 3 , . . . , a n m n )a n+1 , 

for all rrii E Mi (i — 1, . . . , n) and cij & Rj (j — 1, . . . ,n + 1). If -Rj = are 
C*-algebras and Mj = £j are operator spaces, we let Bj\_!,...,An+i (£u • • • > ^n] £) 
(resp. CB^,,,^^!,...,^;^)) denote the spaces of all bounded (resp. 
completely bounded) Ai, . . . , *A n+ i-modular maps from £ 1 x • • • x £ n into £ . 
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3 Multidimensional Schur multipliers 



In this section, we define multidimensional Schur multipliers on the direct 
product of finitely many measure spaces. The main result of the section is 
Theorem 13.41 which characterises multidimensional Schur multipliers gener- 
alising the results of Peller [23] and Spronk |28j . 

Let % = 1,2, ...,n, be standard a-finite measure spaces. For 

notational convenience, integration with respect to /ij will be denoted by 
dxi. Direct products of the form X^ x ■ • • x X ik will be equipped with the 
corresponding product measure. We equip the space L 2 (Xi x X 2 ) with an 
L°°(X 1 ), L°°(X 2 )-module action by letting (a£b)(x,y) = a(x)£(x,y)b(y). We 
will denote by M a the operator of multiplication by the essentially bounded 
function a acting on the corresponding L 2 -space. 

Theorem 3.1 A multilinear map 

S : L 2 {X 1 x X 2 ) x L 2 {X 2 x X 3 ) x • • • x L 2 {X n ^ x X n ) -> L 2 {X 1 x X n ) 

is a bounded modular map if and only if there exists <p G L°°(X\ x • ■ ■ x X n ) 
such that S = S v where S v (fi, . . . , f n -i)(xi, %n) is defined as 

\ <p(x lt . . ■ ,X n )f 1 {x 1 ,X 2 )f2{x 2 ,X 3 ) . . . fn-l{Xn-l,Xn)dx 2 . . . dx n ^. 

J X 2 x-xX„_i 

Moreover, \\S<p\\ = IMloo- 

Proof. We first show that for each ip, the map Sip is a bounded modular map 
with norm not exceeding ||y?||oo- For simplicity, we will assume in this part 
of the proof that n = 3. Fix if, fi and f 2 . We have 

ll<Wi,/a)||2 

< / ( / \ f{xi,x 2 ,x 3 )f 1 {x 1 ,x 2 )f 2 {x 2 ,x 3 )\dx 2 ) dx l dx 3 
Jx 1 xx 3 \J J 

r / r \ 2 

|2 



< \\tfWoo / ( / \fi(x 1 ,x 2 )f 2 (x 2 ,x 3 )\dx 2 \ dxidx 3 

< ll^ll^, J (^J Ifi^^x^dx^j (^J \f 2 (x 2 ,x 2 )\ 2 dx 2 ) dx x dx 3 



WfJ\h\\lU 



2||2- 
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Thus, (p is bounded with WS^W < Halloo! the modularity of S v is obvious. 
Conversely, let 

S : L 2 (X 1 x X 2 ) x L 2 (X 2 x X 3 ) x • • • x L 2 (X n ^ x X n ) -> L 2 (X 1 x X n ) 

be a bounded modular map. We first assume that the measures \ii are finite. 
Write Ki = L 2 (Xi x X n ) and let 

S l : L 2 (X 2 ) x L 2 (X 2 ) x L 2 (X 3 ) x L 2 (X 3 ) x • • • x L 2 (X n _0 x L 2 (X n ^) -> ^ 
be given by 

Si(&,r]2,£3,ri3, ■ ■ .,^ n -l,Vn-i) = S(l <g> f 2 , 772 <8>&, • • . ,?7n-i ® 1) 

(here and in the sequel we denote by 1 the constant function taking value 
one). The fact that S is modular implies that 

5'l(6«2,??2,603, • • ■ ,€n-ia>n-l,Vn-l) = Sl(&, ^2^2, £3, ■ ■ ■ , On-lVn-l) , 

whenever a { G £°°pQ), i = 2, . . . , n - 1. For fixed £ 3 , £ n _ l5 7/ n _i, let 

^ : L 2 (X 2 ) x L 2 (X 2 ) -> K x be given by 

S 2 (&,r] 2 ) = Si(^ 2 , V2,&,V3, ■ • .,£n-l,ffo-l)- 

For h e K u let S 2 h : L 2 (X 2 ) x L 2 (X 2 ) -> C be defined by S^ 2 ,r] 2 ) = 
(S 2 (&, r/ 2 ), /i). Clearly, 

n— 1 

i^(6,%)i<ii/»ini5iinii6iiikii- 

i=2 

Hence there exists a bounded operator : L 2 (X 2 ) — > L 2 (X 2 ) such that 
S£(6,ife) = for all 6^2 G L 2 (X 2 ) and ||2*|| < \\h\\\\S\\ U7=s H&H 

\\r)i\\. For each a G L°°(X 2 ) and £ 2 ,?? 2 G L 2 (X 2 ), we have that 

(T 2 h M a C 2 ,m) = S^ 2 ,r ]2 ) = S^ 2 ,ar ]2 ) 

= (T^2,am) = (Tfa, M^fi) = (M a T 2 %,m)- 
Thus, there exists $ G L°°(X 2 ) such that T 2 ft = M^k. Moreover, 

n-l 

ii^iioo<ii/»ini5iinii6iiiwi. 

i=3 
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For each / G L l (X 2 ), the functional on K\ given by h — > j X2 j{x<i)tp\ (x 2 ) dx 2 



is conjugate linear and bounded with norm not exceeding ||/||i \\S\\ Y\ 
||^j|| \\r]i\\. Hence, there exists $2(7) £ Ki such that 



n-l 
i=3 



($ 2 (/),/i) = / f(x 2 )tp? 2 {x 2 )dx 2 , 

and H^C/Olk < ||/||i||5|| ll&lllfojll- Thus, the mapping $ 2 : L 1 (X 2 ) -> 

.fTi is bounded and ||$2|| < H^H nr=3 ll&ll ll^ll • Since Hilbert spaces pos- 
sess Radon-Nikodym property, the vector valued Riesz Representation The- 
orem [Til Theorem 5, p. 63] implies that there exists ip 2 £ L°°(X 2 , K\) 
(L°°(X 2) Ki) being the space of essentially bounded ifi-valued measurable 
functions on X 2 ) such that 



$ 2 (/) = / f(x 2 )<p 2 (x 2 )dx 2 , 
where the integral is in Bochner's sense. Moreover, 

n— 1 

\\^2\\l-(x 2 ,k 1 ) = esssup \\(p 2 (x 2 ) II Xi = ||*2|| < JJ ||6||||?7i 
For 6, f] 2 e L 2 (X 2 ), we have that £ 2 772 € I* 1 (^2) and hence 

(£2(k, 772),/0 = (T 2 ft 6,W)=/ ^2(^)6^2)r/2(x 2 )dX2 

</X 2 

^2(^2)6(^2)772(^2)^2, /i ) ; 
x 2 / 



in other words, 



£2(6,772)= / ^2(^2)6(^2)7/2(^2)^2, 
</x 2 



where the integral is in Bochner's sense. 

We consider (p 2 as a function on Xi x X 2 x X n by letting y? 2 (^i, ^2, £«,) = 
(^(a^Xaa, ^n)- Note that c/?2 depends on 6, 773, ... , 6-1, Vn-i] we denote this 
dependence by ip 2 = ^2fy m ,...,U-urm-i- 
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Let K 2 = L 2 (X! x X 2 x X n ). We have 
ll^lka = / / \ip 2 (x 2 )(x 1 ,x n )\ 2 dx 1 dx n dx 2 = \\(p 2 (x 2 )\\ 2 Kl dx 2 

< ^2{X 2 )\\^ 2 \\ L oo^ X2tKl) . 

It follows that the mapping S3 : L 2 (X 3 ) x L 2 (X 3 ) — > K 2 given by 

53(6) ^3) = ^2^ 3 ,r)3,-,en-l^n-l 

is well-defined and 

n-1 

iiss(&,%)ik<^(x 2 )ii5iinii6iin»»ii- 

i=3 

Hence, £3 is bounded and \\S 3 \\ < /j, 2 (X 2 )\\S\\ YYiZl ll&ll \\Vi\\- An argument 
similar to the above implies the existence of <p 3 G L co (X 3 , K 2 ) with 

n-1 

||V3|U~(Jc 3 , J Kr 2 ) < ^{X 2 )\\S\\ Y[ Ui\\\\Vi\\ 

such that 

£3(6, %)= / ^(a^&Oca^fas)^, 

where the integral is in Bochner's sense. We may consider ip 3 as a function 
on Xi x X 2 x X 3 x X n by letting <p 3 (zi, x 2 , x 3 , x n ) = Lp 3 (x 3 )(x 1 ,x 2 ,x n ). We 
express the dependence of tp 3 on £4, ... , r) n -\ by writing y? 3 = ^^v^-i- We 
have that 

Sl(f2, 772, • • • ,£n-l,rin-l) = 

/ ¥>3,e4,-,»j n -i( a; i> z 2, x 3 , x n )£ 2 (x 2 )r] 2 (x 2 )£ 3 (x 3 )ri 3 (x 3 )dx 3 dx 2 , 

where both integrals are in Bochner's sense. 

Continuing inductively, we obtain ip e L°°(X n _i, K n _ 2 ), where K n _ 2 = 
L 2 (Xi x ■ ■ ■ x X n _ 2 x X n ), such that 

£1(6, V2, ■ ■ -,C n -l,Vn-l) = 

/ ••• / (p(x 1 ,...,x n )£ 2 r} 2 ...£ n - 1 r] n - 1 dx n - 1 ...dx 2 , 
Jx 2 
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where the integrals are understood in Bochner's sense and ip is viewed as a 
function on X ± x- ■ -xX n by letting tp(xi, ...,x n ) = (p(x n ^ 1 )(x 1 , . . . , x n _ 2 , x n ). 

It is easy to see that if if) E L l (Y, L 2 (Z)), where Y and Z are finite measure 
spaces, then j YxZ \tp(y)(z)\dydz is finite and (j Y ip{y)dy) (z) = j Y ip(y)(z)dy, 
for almost all z E Z (the first integral is in Bochner's sense, while the second 
one is a Lebesgue integral with respect to the variable y). It now follows 
that the last equality holds when the integrals are interpreted in the sense of 
Lebesgue. 

The modularity of S implies 

S(a® £ 2 , V2® Vn-i ®b) = 

/ / • • • / V^l, ■ • • , X n )a^ 2 V2 ■ ■ • Cn-iTfo-i&d&n-i . . . dx 2 , 

for all a E b E L°°(X n ) and ^ E L 2 (X;), i = 2, . . . ,n- 1. Letting 

a — Xan b = Xa n and £i — r)i — Xa t , i — 2, . . . , n — 1, the boundedness of S 
implies 

/ IvK^i) • • .,x n )\dxi ...dx n < WSWu^a-i) . . .fi n (a n ). 

J a\ x-x«„ 

It follows that the mapping 

TV 



i= l J X\X — XX n 



<Pf, 



where {a\ x • • • x a l n } is a finite family of disjoint Borel rectangles, is a linear 
functional on a dense subspace of L 1 (Xi x • • • x X n ) of norm not exceeding 
\\S\\. Therefore, ip E L°°(X 1 x • • • x X n ) and IMU < \\S\\. 

We have that the mappings S and S 9 coincide on the tuples of the form 
a <S> £2, V2 ® ^3) ■ ■ ■ > ffo-i ® b; by linearity and continuity, they are equal. By 
the first part of the proof, || S'H < \\f\\oo an d hence \\<p\\<x> = \\S\\. 

Now relax the assumption on the finiteness of //j, and let X\ , k E N, 
be a measurable subset of Xj such that /Jj(Xf) < 00, Xf C Xf +1 and 
X; = U^Xf , i = 1, . . . , n. For each k E N, let 

5* : L 2 (Xf x X 2 fc ) x L 2 (X 2 fc x X 3 fc ) x • • • x I?{X k n _ x x X*) -> L 2 (X x fc x X k n ) 
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be the map given by . . . , / n _i) = S(f u ..., / n _i), where /; coincides 

with fa on X\ and is equal to zero on the complement of X\ . Since 

£>k(fli ■ ■ ■ j fn-l) = S(Xx*flT ■ ■ i fn-lXx%) 
= Xx* S(fl, ■ ■ ■ , fn-l)XXk, 

the map Sk is well-defined and < \\S\\. Since Sk is obviously L°°(X^), 
. . . , L°° (X^ )-modular, the above paragraphs imply that there exists G 
L°°(Xf x • • • x X%) such that S k = S Vh , for each k G N. The space L 2 (Xf x 
Xi +1 ) can be considered as a subspace of L 2 (X^ +1 x X*^ 1 ) in a natural way. 
We have that the restriction of S k+ i to L 2 {X\ x X|) x L 2 {X\ x X|) x . . . x 
L 2 (X^_ 1 x X^) coincides with S^. This implies that the restriction of (p k +i to 
X^ x • • • x coincides (almost everywhere) with ip k . Hence, there exists a 
function (p defined on Xi x • • • x X n which coincides with ip k on X\ x • • • x X^, 
for each fceN. Since 1 1 V^fc 1 1 oo — H'Sfcll < ||>S1|, we have that ||^||oo < We 
have that S and coincide on the union of 1?{X\ x X|) x L 2 (X\ x X|) 
x . . . x L 2 (X^x x X^), A; G N, which is a dense subset of L 2 (Xi x X 2 ) x 
L 2 (X 2 x X 3 ) x ... x L 2 (X„_i x X n ). It follows that S = S v , and by the 
first part of the proof, || S'H = ||<p||oo- 

Let (Yi,Pi) and (Y 2 ,v 2 ) be measure spaces. A subset E C Yi x Y 2 is 
called marginally null [I] if £ C (Ax F 2 ) U (Fx x B), i/ x (A) = v 2 (B) = 
0. It is well-known that the projective tensor product L 2 {Yi)®L 2 {Y 2 ) can 
be identified with a space of complex-valued functions, defined marginally 
almost everywhere on Y\ x Y 2 : the element ft® 9i L 2 (Yi)®L 2 (Y2), 

where /, G L 2 (Yi), 9i G L 2 (F 2 ), ^ ll/i|| 2 < oo and^i < oo, is 

identified with the function h given by h(x,y) = fi( x )9i(y) ( see e -g- 

CD- 
Let 

r(Xi, ...,X n ) = L 2 (X, x X 2 ) • • • L 2 (X n _! x X„). 
We identify the elements of T(X\, . . . , X n ) with functions on 

Xi x X 2 x X 2 x • • • x X n _i x X n _i x X n 

in the obvious fashion. We equip r(Xi,...,X n ) with two norms; one is 
the projective norm || • || 2 A , where each of the L 2 -spaces is equipped with 
its L 2 -norm, and the other is the Haagerup tensor norm || ■ || h , where the 
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L 2 -spaces are given their opposite operator space structure arising from the 
identification of L 2 (X x Y) with the class of Hilbert-Schmidt operators from 
L 2 (X) into L 2 (Y) given by 

(T f O{y) = [ f{x,y)£{x)dx, f G L 2 [X x Y),£ G L 2 (X). (10) 
Jx 

For each (p G L°°(X 1 x • • ■ x X n ), we consider the linearisation of the map 
from Theorem 13. II to a map defined on T(Xx, . . . ,X n ) and taking values 
in L 2 (Xi x X n ) and we denote it in the same way. Thus, if /i <g> • • • <g> f n -i 
is in T(Xl, . . . , X n ) then S v (fi ® • • • © / n -i)(xi, x n ) is equal to 

/ <p(x lt x n )f 1 (x 1 ,x 2 )f 2 {x 2 , x 3 ) ... /„_i(a; n _i, x n )(ia;2 . . . dx n ^. 

By Theorem 13. 1[ S v is bounded and HS^H = |M|oo- Hence it extends to a 
bounded map from (T(Xi, . . . , X n ), \\ ■ || 2,/\) into (L 2 (Xi x X n ), \\ ■ || 2 ). 

Definition 3.2 Le£ y9 G L°°(Xi x ••• x X n ). We say that is a Schur 
multiplier (relative to the measure spaces (X\, fix), . . . (X n , fi n ) ) if there exists 
C > such that ||^($)|| op < C||$|| h; for all $ G T(Xx, . . . ,X n ). The 
smallest constant C with this property will be denoted by ||^|| m - 

Note that in the case where n = 2 and the measure spaces are discrete, the 
definition above reduces to the definition of the classical Schur multipliers. 
In the case of arbitrary measure spaces and n = 2, we obtain the Schur 
multipliers studied by Peller [23] (see also [28J). 

We will present next a characterisation of the n- dimensional Schur mul- 
tipliers which generalises Grothendieck's and Peller's characterisations. We 
will need the following generalisation of a result of Smith [27] . 

Lemma 3.3 Let Si C B(Hi, H i+1 ), i = 1, . . . , n be spaces of operators and 
C C B(Hx), T> C B(H n+ x) be C*-algebras with cyclic vectors. Assume that 
Sx is a right C-module and S n is a left D-module. Let </> : £ n x • • • x £ i — > 
B(Hx,H n+ x) be a multilinear V, C-module map (that is, 4>(dy, . . . ,xc) = 
d(j)(y, . . . ,x)c, whenever x G £\, y G £ n , c G C and d G V) such that the 
corresponding linear map from £ n © ■ ■ • © £ x into B(Hx, H n +i) ^ s bounded in 
the Haagerup norm. Then <p is a completely bounded multilinear map. 
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Proof. The proof is a straightforward generalisation of the argument given 
by Smith [27J . We will denote by the linear map from £ n • • • E\ into 
B(Hi, H n+ i) defined by 0(a„0- • -0ai) = 0(a n , . . . , ai). By the assumption of 
the lemma, it is bounded in the Haagerup norm || • || h . Assume that ||0|| = 1. 
We will show that ||0|| c b = 1- Suppose, to the contrary, that ||0|| c b > 1- 



Then there exists m G N, matrices x l 



x 



G M m (£i), % 



, n and 



column vectors £ = • • • , £ m ) G H^ 1 and r} = (%,■■■ ,r) m ) E H™ +1 such 
that H^oll < 1? \\vo\\ < 1? all \\ x% \\ < 1 an d 



\(^ m \x n ,x n - 1 ...,x 1 )to,Vo)\>l- 



(11) 



If £ and rj are cyclic vectors for C and Z>, respectively, we may moreover 
assume that & = and 77^ = 6^-77, for some a» G C and G Z>, where 
i,j = l,...,m. Let a = X^i=i a i a « an d & — Y^jLibjbj- Assume first that 
a and b are invertible, and let q = a^a -1 / 2 , = bjb -1 ^ 2 , £ = a 1//2 £ and 
77 = fe 1 / 2 //. Then £j = Cj£ and r^- = d^. Taking into account (jUJ), the left 
hand side of (TTTT) becomes 



5> 



m)( x n /j.n-1 



m m 



E E (^(^l^La-,- • • • > 4^)1, ^) 

fci,...,fc„_i=i i,i=i 



E HE > *Ei*»- a > • • • > E ^ ) £ ^ 
fci,...,fc n _i=i \ \j=i 



8=1 



< 



E ^ ( E ^j x ]k„-i ' x fc, l -ifc n - 2 > • • • ' E ^i.* 

fei,...,fc n _i=i \j=l 



i=l 



ll£llNI-(12) 



We have that 

n n 

Hill = (a^&a 1 ^) = «£) = E H^H" = E = INI < 1, 



fc=i 



fc=i 



and similarly ||?)|| < 1. Set d* = (d*) G M 1>m (T>), c = (q) G M m>1 (C), 
u = d*x n G M 1>m (£ n ) and f = x l c G M mjl (£i).' It follows from © and © 
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that 



fci,...,fc„_i=i \j=i 



E 



fcl,...,fc„_l=l 
m 



E 



■■®v kl 



< 



ki y..,k n —± — 1 
m 



vl,...,/C n _l- 



|u© x n 1 0---0x 2 0w|| h 



< II^IHI^IIIIx™- 1 
We have that 

lid* II = 



I O"^ II || K* II 1 1 f 1 1 

•X^ •X' w 



1/2 



(13) 



1 



and, similarly, ||c|| = 1. It follows from (1121) and (1131) that 

|(0( m >(^*"-^..,x%,?7o)|<l, 

which contradicts (jlll) . 

In the case a or 6 is not invertible, one can again follow [27J and, for each 
i, consider the matrix x 1 G M m +i(£i) which has the matrix x l in its upper 
left corner and zeros in the last row and column. The vectors £0 and 770 
are replaced with £ = (6> ■ ■ ■ , Cm, Cm+i) and rjo = {Vi, ■ ■ ■ , Vm, Vm+i), where 
£ m +i = e£ and ?y m+ i = er], respectively, for e small enough so that the norms 
of these vectors remain less than one. Letting a n+ i = b n+ i = el, we have 
that <ij£ = £j and ^77 = ?7j for each i = l,...,m + l. Finally, 

^ m \x n , x n ~ x . . . , 2%, vo) = (0 (m+1) (£ n , a 71 - 1 • • • , ^)e , ?7o) 

and the proof proceeds as before. <0> 

The main result of this section is the following 
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Theorem 3.4 Let ip G L°°(X 1 x • • • x X n ). The following are equivalent: 

(i) Lp is a Schur multiplier and ||^||m < 1/ 

(ii) there exist essentially bounded functions a x : X x — > M^i, a n : X n — > 
Mi,oo and : -Xj —> Moq, % — 2, . . . , n — 1, such that, for almost all x x , . . . ,x n 
we have 

n 

ip(x x , . . . ,x n ) = a n (x n )a n „ x (x n - X ) . . .a x (x x ) and esssup ||ai(xi)|| < 1. 

Proof. (i)=^(ii) Let tp G L°°(Xi x ••• x X n ) be a Schur multiplier with 
\\f\\m < 1- Then the map induces a map, denoted in the same way, from 
L 2 (X 1 x X 2 ) x • • • x L 2 (X„_! x X n ) into L 2 (X X x X„). Let //< = L 2 (X;), 
T>i = {Mjf, : ip G i = 1, . . . ,n, and 

S v : C 2 (Hi, H 2 ) x ■ ■ ■ x C 2 (i7 n -i, #n) - ^ C 2 (Hi, H n ) 

be the map defined by S^iT^ , . . . , T/ n ) = Ts v> (f lt ...j„). Since </? is a Schur mul- 
tiplier, the linearisation of the map S v from (C 2 (Hi, H 2 )Q- ■ -OC 2 (H n - X , H n ), \\- 
|| h ) into (C 2 (Hi, H n ), || • || p) is bounded. (Here each of the operator spaces 
C 2 (Hi, H i+ i) is given its opposite operator space structure arising from the 
inclusion C 2 (H h H i+1 ) C B(H i} H i+1 ).) If Oj G L°°(Xi), i = l,...,n, then 

Sip(T fl M ai ,T f2 M a2 , . . . , M^T^M^J = S v (T fiai ,T f2a2 , . . . , T an / nan _ 1 ) 



On S v (a,2fl, 13 /2,...,a n _i/„_2,/n)ai 

= M ar X(M a2 T fl ,...,T fn )M ai . 
By continuity, the map has an extension (denoted in the same way) 
^ : ff 2 ) ® h • • • ® h K(# n _i, #„) -> JC(H x ,H n ) 

to a map with norm less than one, where the spaces /C(ifj, H i+1 ) are equipped 
with the operator space structure opposite to their natural operator space 
structure. It follows from ([11]) that the map 

S v : #„) ® h ■ • • ® h /C(# x , if 2 ) -> K{H x ,H n ) 

given by 

8<p(T n -i ® • • ■ ® Ti) = ^(Ti ® • - • ® T n _i) 
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is modular and bounded when the spaces JC(Hi, H i+ i) are given their natural 
operator space structure. By Lemma 13.31 S v is completely bounded. It 
follows that the second dual 

S*; : B{H n _ x , H n ) ® ah ■ ■ ■ ® ah B(H U H 2 ) - B(H u H n ) 

is a weak* continuous map with c.b. norm less than one, which extends the 
map S v . (Here <S> a h denotes the normal Haagerup tensor product, see e.g. 

0) 

Denote by S 1 ^ the corresponding multilinear map 

S v : B{H n _ u #„) x - • • x B(H 1 ,H 2 ) - B{H u H n ). 

The map S v is separately weak* continuous and hence modular. 

A modification of Corollary 5.9 of [9] now implies that there exist bounded 
linear operators V x : H x -> flf, V n : H™ -> H n and V t : H°° ^ H°°, 
i — 2, . . . , n — 1, such that the entries of Vi belong to T>% and 

S<p(T n -x, . . . , Ti) = K(T n _! ® J)K-i(T„_ 2 <8> /) • • . (Ti <g> /)V1. 

Moreover, the operators can be chosen so that Y17=i II ^11 < 1- Let ^i = 
(M a i,M a i, ... )\Vi= {M a Q and K = (M », M a », . . . ), for some ai = 
(a£, 4, . . . ) l G L°°(X U M 1)00 ), a n = (a?, a™, . . . ) G L°°(X n , M lj00 ) and a, = 
(a l w ) G Moo), i = 2, . . . ,n - 1. Moreover, 

n n 

esssupJJ |K(£j)|| = ||Vi|| < 1. 

If £ G L 2 (X) and r) G £ 2 (V) denote by £ <8> ^ the function onlxF given 
by (£ <8> r}){x,y) = £(x)r)(y); this function gives rise by ffTUl) to a rank one 
operator Fix 77, G f/j, i = 1, . . . , n. Then 

^(^n-i®^, • • • , r 60J?2 )(r/i) = K(T €n _ lS9)jB (8) /) . . . (T 6 ^ 2 <g> 1)^1(771) 
= K(T Cn _ 1 ^ n ® I) . . . V 2 (T (l9na ® J)(a^i) fcl 

= K(^ n _ l8 ^, ® /) . / 0^(0:1)^1 (xi)7/i(a;i)da;i)7/2)Ai 

00 „ 

= V n ...(T^ V3 ®I)((^2 al 1 {xi)^i{xi)r]x{x 1 )dx 1 )al^ k j} 2 ) h2 
00 „ 

= V n ...V 3 {(^2 / 4 2)fel (x 2 )4 1 (a;i)(^i77i)(a;i)(^2)(2;2)^irfx 2 )7;3)fe 2 
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oo „ 00 

1 _ 1 JXi x-xl n _i 1 1 1 

• £n— l))^^l • • • dx n —i)M a n 7] n . 

Thus, 

S^{T^ n _ lS>Vn , . . . ,T^ im2 )(rii)(x n ) 
„ 00 

= ( / Yl a k n ( X nK:\k n - 2 ( X n-l) ■ ■ ■ 4>l) X 

J XiX---xX n -i jl 1, _i 

X ^1(^1)^1(^1) • • .£n-l(x n -l)dx 1 • ■ .dx n _ 1 )r] n {x n ). 

On the other hand, 

^(^n-l ®»?n) • • • 5 ^l®^) WlX^n) = ^S v (fr®J72v--,6>-l®^)(w( X 'V 

= (/ ip(x 1 ,...,x n _ 1 ,x n ) 

X 6(^l)^l(^l) • ■ ■£n-l(Xn~l)dx 1 . . .dXn^TJ^Xn). 

It follows that 

<f(xi, ■■■,x n ) = a„(x n )a n _i(x n _i) . . .ai(xi), 

for almost all 

(ii)=^(i) Assume that </? is given as in (ii), where ai = (a*,^,...)* G 
L°°(Xi, M^O, a n = (a?,a5, ...) G L°°(X n , Mi )0O ) and a, = (a l M ) G L°°(Xi, 
Moo), i = 2, . . . ,n — 1. Let Vi : ifi — > if^ be the operator corresponding 
to the column matrix Vi = (M a i,M a i, ...)* : E x -> i^ 00 , V n : if ~ -> H n 
be the operator corresponding to the row matrix 14 = (M a ™, M a n, . . . ) and 
Vi : 77°° — > 77°° be the operator corresponding to the matrix Vi = (M a ^ ), 
i = 2, . . . ,n - 1. Then n?=i ll^ll < L ^ follows from the first part of the 
proof that 

• • • ? ^1®^) — Kl(^n-l®??n ® I) ■ ■ ■ {T^ m (g) i)Vl, 

for all £x G r? n G 77 n and £ i5 7/j G 77j, z = 2, . . . , n — 1. Since the operator 
norm is dominated by the Hilbert-Schmidt norm, we conclude that 

S v (T f ^, ...,T h ) = V n (T /n _ 1 7)... (T fl ® 7)V l5 
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for all fi G L 2 (Xi x X i+1 ), i = l,...,n — l. 
Let 

F = F 1 ■ • • F n _x G L 2 {X 1 x! 2 )0-0 L 2 (X n _! x X n ), 

where F x G M li00 (L 2 (X! x X 2 )), F n _ x G M^L^X^ x X„)) and F< G 
Moo(L 2 (Xi x z = 2, . . . , n — 2. Lemma H~T1 implies that 

T SA F) = VniTp^ J) . . . (T Fl I)Vi, 

where Tp i = (Tfi)k,i whenever Fi = (fli)k,i- It follows that 

n— 1 n 

ii^(F)iiop<nii^ii°pnn^ii- 

i=i i=i 

Taking infimum with respect to all representations of F, we conclude that 
1 1 7^)11 op < ||i ? || h nr=i IMI and so IMU < 1- 

Remark The space of all functions <p(xi, . . . ,x n ) satisfying condition (ii) of 
Theorem 13.41 can be identified with the extended Haagerup tensor product 
L-pfi)®^ L°°(X 2 ) ® eh . . . ® eh L™(X n ). 

The next proposition relates our approach with a recent work of Peller 
[21] on multiple operator integrals. For some fixed spectral measures, Peller 
defines a multiple operator integral I<p(Tx, . . . , T n _i) of a function <p and 
(n — l)-tuple of operators (T l5 . . . , T n _i), and shows that if ip belongs to 
the integral projective tensor product of the corresponding L°°-spaces, then 
Ip(Ti, . . . ,T n _i) is well-defined and, moreover, 

||-^(2~li ■ ■ ■ ! ^n-l)||op < IM|i||^l||op • • • H^n-lllop- 

Recall that the integral projective tensor product L oo (X 1 )0j . . . (g^L 00 ^^ 
is the space of all functions <p for which there exists a measure space (T, v) 
and measurable functions Qi on Xi x T such that 

ip(xx, . . . ,x n ) = J gi(xi,t) . . .g n (x n ,t)du(t), (15) 

for almost all X\ . . . , x n , where 




0i(-,t)||oo • • • \\9n(-,t)\\oodiy(t) < oo. 
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The integral projective norm \\ip\\i of ip is the infimum of the above expres- 
sions over all representations of ip of the form (1151) . It was proved by Peller 
in [23] that in the case where n = 2 the integral projective tensor product 
L°° (Xi)®iL°° (X2) coinsides with the set of all Schur mulipliers. The next 
proposition shows that for n > 2 the integral projective tensor product con- 
sists of multipliers. We do not know whether it coincides with the space of 
all Schur multipliers. 

Proposition 3.5 Let p 6 L°°(Xi)0j . . . <g>iL°°(X n ). Then ip is a Schur mul- 
tiplier and \\p\\m < \\<p\\i- 

Proof. Suppose that 

<p(x!, ...,x n )=J gi{x%,t) . . .g n (x n ,t)du(t), 

for almost all x\ . . . , x n , where (T, v) is a measure space, g^ is a measurable 
function on Xj x T, % — 1, . . . , n, such that 



||#i(-,*)IU • • • lbn(-,*)||oo^(*) < 00. 

IT 

Let F = F x © • • • F n _i, where F 1 e M 1M (L 2 (X 1 x X 2 )), F n _i e M kn _ 2tl 
(L 2 (X„_! xX n )) and F t e M fc ._ 1)fci (L 2 pQ x X w )), i = 2, . . . , n - 2, and 
F(xi, X2 ■ ■ ■ , i n ) = -F(xi, #2, X2, X3, . . . , x n ). Denoting by M g j.^ the multi- 
plication operator by the function <7i(-,t), and by M gi i.^ ® J the ampliation 
of Mg.i.n of multiplicity fcj, we have 

1 1 <SU-F) Hop = II / <pFdx 2 ■ . .Gfo n _i|| op 

JX2X---xX n _i 

^i(x!,t) . . . g n (x n ,t)d?j Fdx 2 . ..dx n -i\\ op 
g 1 (x 1 ,t) . . 

■ gn yl'n i t)dx 2 ■ ■ ■ dx n ^i ) Fdt\\ op 



/ M gi( . )t) Fi(M fl2 (., t) ®I)(x u x 2 )Q... 

IT il 2 x-xX„_i 

F n _iM 9 „ ( .i)(2; n _i, x„)<ix2 • • • dx n -i)dt\\ op 
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< / || / Af fll( . >t) if , i(M fla( ., t) <8)J)(xi,x 2 )0... 

JT JX 2 x-xX n _i 



-,t) {%n— 1 ; %n)dx 2 • • . dx n — l||op^^ 




where || ■ ||° p is the opposite operator norm (see Section [2]). The claim follows 
by taking infimum over all representations F — Fx • • • F n _i. (} 

Corollary 3.6 L 00 ^)^ . . . 0iL°°(X n ) C L°°(Xi) e/l . . . ® eh L°°{X n ). 

In the case where n — 2, it follows by Peller's characterisation of Schur 
multipliers [23] that there is an equality in the inclusion of Corollary 13.61 We 
do not know whether equality holds in the general case. 

We finally point out another interesting open question, namely the one of 
characterising the class of multipliers defined by using the projective tensor 
norm instead of the Haagerup tensor norm in ([2]); equivalently, the class of 
multipliers obtained after replacing ([2]) with the weaker condition 

\\S^{h • • • /n)||o P < C||/i||op • • • II fn Hop for all ft G L 2 (Xi), i = 1, . . . , n. 

4 Multidimensional operator multipliers: the 
definition 

In this section we generalise the notion of operator multipliers given by Kissin 
and Shulman [20] to the multidimensional case. 

We recall the mapping Ki ,k 2 : K x ®K 2 -> C 2 (Kf, K 2 ), where K x and K 2 
are Hilbert spaces, which is the unitary operator between the Hilbert spaces 
K\ K 2 and C 2 (Kf , K 2 ) given on elementary tensors by 

^,ftte®6)M) = (6,»)i)6. 

Note that there is a natural identification of (Ki K 2 ) d and Kf K^. It 
follows that C 2 (Kf, K 2 ) d can be identified with C 2 (K U K$) = C 2 ((Kf) d , K§); 
we have that K d K d(£ d ) = 9 KuK2 {^) d . 
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Let Hi, ... , H n be Hilbert spaces and H — H 1 ® . . . H n . For any permu- 
tation 7r of {1, . . . ,n}, we will identify H with the tensor product H n m <8> 
. . . H n ( n ) without explicitly mentioning this. The symbol £j u ...,j k will denote 
an element of Hj 1 <g> . . . ifj fc . 

We define a Hilbert space HS(Hi, . . . ,H n ), isometrically isomorphic to 
H. Let HS(Hi, H 2 ) = C 2 (Hf,H 2 ). In the case where n is even, we let by 
induction 

HS(H U ...,H n )= C 2 (HS(H 2 , H 3 ) d , HS(H 1} H 4 ,...,H n )), 

and let 

Oh u ...,h„ '■ H — > HS(H 1 , . . . , i/ n ) 

be given by 

^JTi,...,H„(6,3 ® = O H S(H2,H 3 ),HS(H 1 ,H4,...,H n )(0H2,H 3 (^2,3,) ® Hl ,H 4 ,...,H n (O)^ 

where £ 6 ^ ® ff 4 8 • • ■ ® i^„. In particular, we have that 

"Hi,...,H n 

(0- 

In the case where n is odd, we let 

HS(Hi, . . . , if n ) = HS(C, Hi, ... , H n ). 

If K is a Hilbert space, we will identify C 2 (C d ,K) with if via the map 
5 — > ^(l 11 ). Thus, HS(Hi, . . . , H n ) can, in the case of odd n, be defined 
inductively by letting HS(Hi) = Hi and 

HS(Hi, ...,H n )= C 2 (HS(Hi, H 2 f, HS(H 3 , ...,H n )). 

The isomorphism ^Hi,...,h„ is m this case given by 

We will usually omit the subscripts and write simply 9, when the correspond- 
ing Hilbert spaces are understood. 

Lemma 4.1 (i) Assume n is even. Let £ G H be of the form £ = £i )2 <8> • • • <8> 
£n-i,n- IfVi,i+i e #i ® f« even) then 

0(O(W,s)) • • • («-2,„-l)) = 0(£n-l,n)«_ 2 ,„-l) • • • ^(6,4)^(^3)^(^1,2). 

Assume n is odd. Let ^ E H be of the form £ = £1 <S> £2,3 • • • <8> £n-i,n- 
Ifr)i t i + i & Hi® H i+ i (i odd) then 

d(0(d(vtMO(vU)) ■ ■ ■ («-2,n-l)) = 0(£n-l,n)«_2,n-l) ■ ■ ■ W^l)- 
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Proof, (i) Assume first that = <S> & and r} iji+ \ = rji <g> r/j+i (i even). 
Fix 7/ d G iff. The image of r]f under the operator on the right hand side of 
the identity in (i) is 

(£l,f7l)(&,%) • • • (£n-l,ffo-l)£n- 

On the other hand, the image of 77^ under the operator on the left hand side 
is 

(Oh 2 ,h 3 (& <8> &),0H 2 ,H 3 (V2 <8> 7/3)) 

X 0ff 1; if 4 ,...,ff„(6 ® & ® • • • ® £n)(^4, 5 ) d ) • • • (%„-2,n-l) d )(<) 

= (6, ^2) (6,%) 

X Hl ,H 4 ,...,H n (Zl ® £4 ® ' " " ® £n)(%4, 5 ) d ) • • • (%n-2,n-l) d ) (vt) ■ 

By induction, (i) holds in the case of elementary tensors. 

By linearity, (i) holds for finite sums of elementary tensors. Using con- 
tinuity arguments and the fact that the operator norm is dominated by the 
Hilbert-Schmidt norm, one can easily prove that (i) holds for genral £ and 

We define a representation on of B(H) on HS(Hi, . . . , H n ) by letting 

<7 H (j4)0(0 = 9{M)\ 

clearly, on is unitarily equivalent to the identity representation of B(H). If 
Hi, ... , H n are clear from the context we will simply write a in the place of 
a H . If Ai, . . . , A n are C*-algebras, 7Ti, . . . , 7r„ corresponding representations 
on Hi, ... , H n , and 7r = 7Ti CS> . . . 7v n we let 

0"tt = CT H O 7T ; 

thus, a n is a representation of Ai <S> • • • <S> A n on HS(Hi, . . . , H n ), unitarily 
equivalent to ir. 

Lemma 4.2 Let G B(Hi), i — 1, . . . , n, and A — Ai <g) • • • ® A n . 

(i) Assume n is even. Let ^-i^ G -f/j_i <g) -f/j, 77^+1 G Hi®H i+ i (i even). 

tfi = 6,2 ® • ■ -£n-l,n 

(T(A)(e(0)(^ >S ))...(f(l^ 2> n-l)) 

= jM(£n-i,n)^-i0(fM-2,n-i) d A»-2 . . . A 2 0^ 1:2 )Af 

= A n e(0(9((A* ® ^(r/ 2i3 )) d )) . . . (9((A* n _ 2 ® A;_ 1 (r ?n _ 2 ,„_ 1 )) d ))^ d . 
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(ii) Assume n is odd. Let £1 G H\, £ Hi-i ® G -ffj Cg> H i+ i 

(i odd). If £ = & ® 6,3 ® • • ■ Cn-i,n ^en 

^(^)(^))(«, 2 ))---(^(^- 2 ,n-l)) 

= AJ(0(9((Al ® A*(r7 lj2 )) d )) . . . (0((A;_ 2 si A;_ 1 (r 7n _ 2>n _ 1 )) d ))- 

Proo/. (i) Let first n = 2. If r? d G iff and f = f i ® f 2 then 

a(A)(^0)(r] d ) = 0{A 1 Z 1 <8>A 2 6 2 )(T/ i ) = (A 1 t 1 ,r,)A& 
= (Ct,Alr,)A^2 = A 2 e(Ci 6)((^r?) d ) 
= A 2 0(6 6K(?7 d ) = A 2 0(OA d (7/ d ). 

It follows by linearity and continuity that o~(A)(6(£)) = A 2 #(£)A d , for every 
£ G i?i <S> i?2- Using Lemma [4. II (i) we now obtain 

= ^ ® . . . A n )(0)(^(r72,3) d ) • • • («_ 2 ,„-i)) = 0((An-l ® A n )(£ n _ 1>n )) 

x0(^-2,n-i) • • • 0((4> ® ^XWM^sM^i A 2 )(£ 1)2 )) 

= A^(e n _ li „)A d _ 1 ^(r ?n _ 2i „_ 1 ) d A n _ 2 . . . A 4 ^(e 3 ,4)^^(%,3) d ^2^(ei,2)^ d 

= A n 0(O(^((A; ® A*)( % 3)) d )) . . . (9((A:_ 2 ® A;_ 1 )(r ? „_ 2 , n _ 1 )) d ))A d . 
(ii) By Lemma [4. II (ii). 

a(A)(tf(0)((9(^) d )...(e(i^ 2 ,^ 1 ) d ) 

= ® . . . A„,)(0)(^(r/ 1 ,2) d ) • • • (^(%-2,n-l) d ) 

= 0((Ai-l ® A0(£n-l,n))% d _2,n-l) • • • ^X^l) 
= A^(e n _ li „)A d _ 1 0(? ?n _ 2in _ 1 ) d A n _ 2 . . . A d 0(? ? d 2 )(A 1 £ 1 ) 

= a,0(O(0((^ ® ^2)(^i, 2 )) d )) • • • (9((au ® A;_ 1 )(r ? „_ 2 , n _ 1 )) d )). 



Let Hi, ... , H n be Hilbert spaces. If n is even, we let 
r(#i, ...,H n ) = (Hi ® # 2 ) © (# 2 ® # 3 d ) (#3 ® if 4 ) © • • • © (fln-l #«)• 
If n is odd, we let 

r(# l5 . . . , #J = (# d ® # d ) © (# 2 ® # 3 ) © (Hi ® jyf) . . . ^ # n ). 
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After identifying C <S> Hi with Hi, for n odd we have the identification 

Y{C,Hi,...,H n ) = HiQT{Hi,...,H n ). 

Fix ip G B(H). We define a mapping on T(Hi, . . . , taking values 
in B(Hf, H n ) in the case n is even, and in B(Hi, H n ), in the case n is odd. 
Let first n be even. On elementary tensors 

C = 6,2 ® % d 3 ® 6,4 <E> • • • <E> 6-l,n £ T( J f/ 1 , . . . , H n ), 

we let 

S„(0 = <7(^(6,2 ® 6,4 ® • • • ® 6-l,n)(«, 3 )) • • • («-2,n-l)) 

and extend on the whole of T(Hi, . . . , #„) by linearity. Note that the 
values of are Hilbert-Schmidt operators. Now assume n is odd. Let 
C G F(Hi, ...,H n ) and 6 G #i. Then 

6 ® C e #1 © r(^i, . . . , H n ) = r(c, H u ...,H n ). 

We let 5^(0 be the operator defined on by 

M0(6) = W6®0- 

Note that Si^^i <g> is an element of C 2 (C d , if n ), which can be identified 
with H n in a natural way. In this way, 5^(0(6) can be viewed as an element 
of H n . It is clear that the operator S V (Q : Hi — > iJ„ is linear. We moreover 
claim that 5^(0 is bounded. Let 

C = vt,2 ® • • • ® Cn-i,n e r(i/ 1 , . . . , #„) 

and 6 G Hi. Then S^O is a bounded operator and 

||5 v (C)||B(Hi,H„) < ||v||b(H)||?7i,2|| • • • ||^n-2,n-l||||6,3|| ■ ■ ■ ||£n-l,n||- (16) 

In fact, assuming for simplicity that n = 5 we have 

11^(0(6)11 HIW6® Oil 

= 11(7(1 ® ^)0((l ® CO ® 6,3 ® 6,5)(^« 2 ))(^(% d 4))|| 

< 11(7(1 ® ® 6) ® 6,3 ® 6,5)^« 2 ))||op||^(% d 4 ))ll 

< \\a(l <g> <p)0((l ® 6) ® 6,3 ® 6,5)||op||??l,2|| ||??3,4|| 

< |M|s(if)||6ll II6,3|| ||6,5|| 11^1,2 1| 11173,4 1| 

= IM| BW IICIM6I|. 

27 



Before proceeding, we identify two norms with which the space T(Hi, . . . , 
H n ) can be equipped. The first norm on T(H\, . . . , H n ) is the projective 
tensor norm || ■ \\2,a, where each of the terms Hi cg> Hj+i (resp. Hf_ x ® Hf) 
is given its Hilbert space norm. In order to describe the second norm, note 
that if K\ and K 2 are Hilbert spaces then K\ ® K 2 can be endowed with an 
operator space structure by letting 

ll(&)ll = mMM M K<t,K^ (&) 6 M m {K x ® K 2 ). 

We write (Ki <S> K 2 )° p for this operator space. Note that this is the opposite 
operator space structure on C 2 (Kf, K 2 ), after the identification of K\ ® K 2 
and C 2 (Kf, K 2 ). The norm || ■ || h is the Haagerup norm on T(Hi, . . . , H n ) 
when T(Hi, . . . , H n ) is viewed as the algebraic tensor product of the operator 
spaces {Hi ® H i+ i)° (resp. {Hf_ x ® Hf)° ). Thus, the norm ||w|| h of a finite 
sum u = £\ £1 2 ® . . . ® n G r(ifi, . . . , i? n ) of elementary tensors equals 
the Haagerup norm of the element J2i n) ® • • • ® ^(£1 2)- 

Remark 4.3 For eac/i 93 G B(H) and each ( G r(i?i, . . . , we /iave 

11^(011 op — llv^llsi-ff) IICIb.A- 

Proof. In the case where n is odd and ( is an elementary tensor, the inequality 
coincides with (1161) . In the case n is even and £ is an elementary tensor, this 
is verified similarly. The general case now follows by linearity. ^> 

Definition 4.4 An element ip G B(H\ ® • • • ® H n ) is called a concrete (op- 
erator) multiplier if there exists C > such that 

||S„(C)||ap < CUCllh, for each ( G 1^, . . . , H n ). 

The smallest such C is denoted by ||y?|| m - 

Let Ai, . . . , A n be C*-algebras and tti, . . . , n n be corresponding representa- 
tions on Hilbert spaces Hi, ... , H n . An element (p G Ai ® • • • ® A n is called a 
7Ti, . . . , 7T n -multiplier if (tti (g> • • • <g) 7r n ) (</?) zs a concrete multiplier. We denote 
the set of all 7Ti, . . . , rc n -multipliers in A± <8> ■ • • ®^4n fry M Wl) ... )7rn (.Aij . . . *4 n ). 
1/ G M 7ri) ... i7rn (^4i, . . .X), we Zet IML,...,^ = IK^i ® • • ■ <8> 7T n )(<p)\\ m . 

The element (p G Ai <8) • • • <8> is called a universal multiplier if ip is a 
iii, ... , n n -multiplier for all representations 7Tj of A4, i — 1, . . . , n. VFe denote 
by M(Al, . . . *4. n ) £/ie set 0/ a// universal multipliers in A\ ® • • ■ ® v4. n . 



28 



Remark 4.5 In the case n = 2, Definition 4-4 reduces to the definition of 
Coo-multipliers studied in Wty . 



Next we show that an element tp e <g> . . . <g> L°°(X n ) C L 00 ^ x 

... x X n ) is a Schur multiplier as defined in Section [3] if and only if tp is a 
7ri, . . . , 7r ra -multiplier, where 7Tj is the canonical representation of L°°(Xj) on 
L 2 (Xj) acting by multiplication. 

Let A be a commutative C*-algebra with maximal ideal space X, acting 
on a Hilbert space H. It is well-known that, up to unitary equivalence, 
H = (B-yerH-y, where = L 2 (X, /i 7 ) is invariant under A for each 7 e T, 
and an element f £ A acts as on i/ 7 by multiplication. Let j : H H be 
given by {£ 7 (A)} 1— > {£ 7 (A)}. Then 1/ = dj is a unitary operator from H 
to # d such that A d = VAV~ l for all A e A. If K is another Hilbert space 
then U(T) = TV (resp. W(S) = V^S) is an isometry from C 2 (H d ,K) to 
C 2 {H, K) (resp. from C 2 {K, H d ) to C 2 {K, H)). 

Let A\i ■ ■ -i -An be commutative C*-algebras and let tti, . . ., 7r n be cor- 
responding representations on H%, . . ., H n and 7r = tti ® . . . (g> 7r n . Let 
Vi : Hi ^ Hf be unitary operator defined above with the property 7Tj(aj) d = 
Viir^a^Vr 1 for each aj e z = l,...,n. Define : C 2 (H d ,H k ) — >■ 
C 2 (H t ,H k ) and W iifc : C 2 (H U H d ) -> C 2 (H u H k ) to be ^, fc (T) = TVJ and 
Wi^S 1 ) = 5. Then for ^ e At® - ■ •®^4 n , the mapping SV^) can be iden- 
tified with a mapping from C 2 (H U H 2 )&C 2 (H 2 , H 3 )Q . . .QC 2 (H n ^ 1 , H n ) 
into B(Hi, H n ) such that whenever 9? = at <S> ■ ■ ■ <8> a n is an elementary tensor 
then 

S n ( v )(Ri <g> ■ ■ ■ <E> -Rn-i) = 7r n (a n ) J R n _i7r n _i(a n _i) J R n _ 2 . . . i?i7Ti(ai). (17) 

In fact, let U = U 1>2 Hi ,H 2 ® W 2y3 6 H 2,H 3 <S) ■ ■ ■ ® ^ n -i,n^„-i,if„ if " is even and 
W = ^"1,2^,^2 ® U 2t3 9 H2 ,H 3 ® • • • ® U n -i tn 8 Hn _ uHn if n is odd. Then W maps 
the space T(H l: H 2 ..., H n ) onto C 2 (#i, H 2 )QC 2 (H 2 , H 3 )&.. .OC 2 (# n _i, H n ) 
and is an isometry with respect to the norm || • || h (this norm being defined 
on the algebraic tensor product of the C 2 -spaces again as the Haagerup norm 
where each of the C 2 -spaces is equipped with its opposite operator space 
structure). Let 

in the case n is even and 
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in the case n is odd. Assume that ip = a\ ® . . . ® a n . Then, in the case where 
n is even, we have 

= U^S^U-^Ri ® . . . ® i? n _i) 

= U 1)n (T: n (a n )U~\ n (R n - 1 )Tl n -i(a n ^i) d W n -2,n-l{Rn-2) ■ • .vri(ai) d ) 
= Vr n (a n ) J R n _iKr-l 7r n-l(an-l) d K-l J Rn-2 • • • ^lVi _1 7Ti(ai) d Vi 
= ^n{a n )Rn-l^n-l{an-l)Rn-2 ■ ■ ■ Rl^l («l)- 

In the case where n is odd one shows in a similar way that (jTTj) holds. 

Now let ^4, = and let t\{ be the representation of A% on L 2 (Xj) 

given by Mf)€)(x) = f {x)£(x), £ eL 2 (Xi), i = 1, . . . ,n. 

Suppose n is even. In this case S n ^)(Ri ® • • • (g> -R n -i) is an element of 
C 2 (Hi, H n ). Using (TT5T) and the identification ip k j : / (—> of L 2 (X k ,X[) 
with the class of Hilbert-Schmidt operators from L 2 (Xk) to L 2 (Xi), where 

(T f t)(y)= [ f(x,y)£(x)dx, f e L 2 (X k x X t ),C e L 2 (X k ),y e X h 
Jx k 

we obtain that if /1 ® . . . ® / n _i G r(Xi, . . . , X n ) and is an elementary 
tensor then 

(^1,2 ® ■ ■ • ® ^n-l,n)(/l ® • • • ® /n-l))(^l, ^n) (18) 

= / • • • , ^n)/l(^l, X 2 ) • • • /n-l(^n-l) X n )dx 2 ■ ■ ■ dx n _ x 

J X 2 x...xX n _i 

= S v (f\ ® / n _i)(a;i,a; n ). 

By linearity and continuity, (fT81) holds for any G L°°(Xi) <8> . . . ® L°°(X n ). 

Now assume that n is odd. Let £ G Hi, 77 G H n and ^>o,i : -^ 2 (^i) ~~ ¥ 
C 2 (C, L 2 (Xi)) be the natural identification. We have that (S v (fi <S> ■ ■ • ® 
/ n -i)£, rj) coincides with 

(^(id gnr)(l(g)p) (^0,1 ® • • • ® V'n-l.n) ((1 ® ® /l ® • • • ® /n-l), ^ 

whenever c/? G L°°(Xi) <8> . . . <8> L°°(X n ) is an elementary tensor. By linearity 
and continuity, we have that V^nO^C/i <8> • • • ® fn-i)) is equal to 

&fe0(^l,2 ® • • • ® ^n-l,n)(/l ® • • ■ ® /n-l) 
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for all (p G L°°(X 1 ) . . . L°°(X„). In particular, takes values in 

C 2 (i/i, H n ). As before, it follows that 

^n^)(>l,2 . . . V ; n-l,n)(/l ■ • • ® /n-1 ) ) (^1 , X n ) (19) 

for every 95 G L°°{X\) . . . L°°(X n ). We have thus shown the following 

Proposition 4.6 An element ip G L°°(Xi) ■ ■ • -L°°(A n ) zs a Schur mul- 
tiplier if and only if (p G M 7rii ... i7r , i (L 00 (X 1 ), . . . ,L°°(X n )). 

Next we want to give a generalisation of Lemma 14.21 for the case where tp 
is a sum of elementary tensors. Let V,Vi, . . . , V n be vector spaces, L(Vi, V 2 ) 
be the space of all linear mappings from Vi into V 2 and = L(V,V). 

Recall that if / : V\ — > V 2 is a linear map, we let f k j ■ M fc ;(Vi) — > M kt i(V 2 ) 

be the mapping given by fk,i{{ v ij)) = (fi v ij))> for eacn e Mfc/VO- 

For an element v = (%) G M^(V) we denote by v t = (vji) G M^ k (V) the 
transpose of u. Denote by d : B(K) — > B(K d ) the mapping sending A to its 
dual A d . If A = (Ai) G M k>l (B(K)) let A d = (A d ). 

We will identify M PA {C 2 (K U K 2 )) with C 2 (Kf,K^). If f G M M (lCi 
if 2 ) then Pi9 (£) G M Pi9 (C 2 (AT d , if 2 )); using this identification, we will be 
considering P)9 (£) as a Hilbert-Schmidt operator from if' to K\. If A G 
B(Ki, K 2 ) then A®I k E B(K X , K 2 ) is the fc-fold ampliation of A; under the 
identification B(K±, K 2 ) = M k (B{Kx, K 2 )), the operator A® I k has a A; by 
k diagonal matrix, whose every diagonal entry is A. 

Lemma 4.7 Let Vi, . . . ,V n be vector spaces, Li C L(Vi,Vi + i) a subspace, 
% = 1, . . . , n — 1, and 

5 : (L(K) © • • • x (£„_! • • • C x ) - L(Vi,T4) 

6e a mapping satisfying 

S(a n ® ■ ■ ■ ai, A n _i • • • Ai) = a n A n _ia n _i . . . Aiai. 

//Aj G Mfc,,!^)), A 2 G M te , fel (L(y 2 )),...,A n G M lifcra _ 1 (I/(K)) «ndA x G 
Af Il , 1 (£i), A 2 G M, aiJl (£ 2 ),..., A n _i G Mi, /n _ 2 (£ n _i) tfiera 

S(A n © ■ ■ • © Ai, A n _i • • - Ax) = A n . . . (A 2 i fe2 )(A 2 4)(Ai i fcl )Ai. 
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Proof. "A few moments' thought." {> 

Lemma 4.8 Let A 1 G M 1M (B(H 1 )), A 2 G M klM (B(H 2 )), . . . , A n G M kn _ u i 
(B(H n )) and ip — A 1 Q A 2 Q ■ ■ ■ Q A n . 

(i) Assume n is even. Let £1,2 G Mi^(Hi H 2 ), 772,3 G Mi lt i 2 (H 2 
Hi), Cn~i,n G M,„_ 2) i(if n _i H n ) and 

C = 6,2 © V2,3 ' • • Cn-l,n £ r(#i, . . . , #„). 

S„(C) = < . . . (^' d / fa )(ft lA (i» >s )* 4 2 )(4' d 4X^(6,2)* hM\ d - 

(ii) Assume n is odd. Let r] h2 G M hh (Hf £ 2 ,3 G M hjl2 (H 2 
#3), • • • , Cn-i,n G Afj n _ 2> i(.H n _i #„) and 

C = »7l,2 © 6,3 • • • Cn-l,n £ r(F 1 , . . . , #„). 

Then 

S„(0 = • • • (4 IhWhjbfafiY 4 2 )(4' d /li)^^)* /jhMl- 

Proof. Let / : Vi • • ■ V n — > F n • • • Vi be the flip, namely the map 
given on elementary tensors by f(y\ • • • v n ) — v n • • • v±. Note that if 
Ai G M 1M (V 1 ), A 2 G M fcl)fc2 (y 2 ), . . . , A n G M fcn _ l5l (K) then 

/(^i • • • A») = A t n ©---©A t 1 . 

Let 

D : 5(fTx) FJ(H 2 ) • • • S(fT n ) — > B(H n ) • • • 

be the map 

D = f o (d id 0d • • • id) . 

We have that 

D(A)=i t n 0^ 1 0---0i t 1 ' d . 
Define a mapping S from 

(fl(tf n ) • • • B(H?)) x (C 2 (# d _ l5 #n) © • • • © C 2 (Hf, H 2 )) 
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into C 2 (H?,H n ) by 
where 

is given on elementary tensors by 

0(6,2 ^72,3 ■ ■ ■ Cn-l,n) = 0(fn-l,fi) ' " " 0(6,2)- 

By Lemma 14.21 (i), the mapping S satisfies the requirements of Lemma [4.71 
and 

fl^(C) = S(Al • • • © A\\ 9 ln _ 2 ^ n . hn y © • • • © 9 hh (^ 2 f). 

The claim now follows from Lemma 14.71 
The proof of (ii) is similar. <0 

5 Multipliers for tensor products of represen- 
tations 

It was proved in [2U] that the space of all (tt, /^-multipliers does not change 
if the representations tt and p are replaced by approximately equivalent rep- 
resentations. In this section we will prove a corresponding result for multidi- 
mensional multipliers. We first recall the notion of approximate equivalence 
and approximate suborditation introduced by Voiculescu in [3T] . 

Let tt and tt' be ^-representations of a C*-algebra A on Hilbert spaces H 
and H', respectively. We say that tt' is approximately subordinate to tt and 
write 7r' 7r if there is a net {U\} of isometries from H' to H such that 

\\v(a)U x - U x n\a)\\ -> for all a e A. (20) 

The representations tt' and tt are said to be approximately equivalent if the 
operators U\ can be chosen to be unitary; in this case we write tt' ~ tt. 

For C*-algebras Ai, . . . , A n and corresponding representations tt\, . . . , Tt n , 
we will denote the collection of all tti, . . . , 7r n -multipliers in Ai ® • • • ® A n 
simply by M 7ri) ... )7rn , in case there is no danger of confusion. 
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Theorem 5.1 Let A\, . . . ,A n be C*-algebras and 7Tj and be representa- 
tions of Ai on Hilbert spaces Hi and H[, respectively, i = 1, . . . , n. 

a 

(i) If ' %'i <C i\i, i = 1, . . . , n, then 
M^,...^ C M^,..., w ; and \\tp\\ 

<IMI 7ri,...,7Tn ' 

fortpe M^,...,^. 

(ii) If ~ 7Tj ; z = 1, . . . ,n ; t/ien 

M^,...,^ = M^...^ and IMU,...,^ = |M|^,...,<> for (p E M^,...,^. 

Proof, (i) Let first n be even and {U x .} be nets of isometries from H- into 
i/i satisfying 

W^MiWx, - U\^'i{o-i)\\ -> 0, for all a; G A;- 

Set 7T = ®? =1 7ri, tt' = 0™=i<, A = (Ai, . . . , A n ) and W x = U Xl . . . U Xn . 
Then W\ are isometries from ®" =1 i? 8 ' to ®™ =1 H n and, for x G Al . . . *4. n , 
we have 

||7r(x)W A - W x tt\x)\\ — > 0. 

As || W A || = 1 for all A, this holds for all x G Ai ... A n . By Lemma Ed 
(i) we have that, for any £ G 0™ =1 .£/j, 

= ^(0 W(^A 2 ,A 3 ?? 2 ,3) d )) • • • (^((^ 2 ,V 1 ^2,n-l) d ))(f/; i ) d 

where Wa^a^ = ^A* U Xh+1 . Therefore, if C = 6,2 (^2,3) d ... £ n -i,n, 
then 

Sw*Tr(ip)w x (() = (21) 
= U* Xn S <ip) {W Xl , X2 t, 1>2 (W X2iXsV2>3 ) d ... W Xn _ ljX J n ^ n )(U* Xl ) d . 

Let Ta : T(H[, . . . , iJ^) — > F(Hi, . . . , i/ n ) be the linear operator defined on 
elementary tensors by 

r A (6,2 0^2,3 ® • • • ® fn-l,») = ^^£1,2 (^A 2 ,A 3 ??2,3) d • • • W A „_ 1 ,A„ fn-l.n- 

It follows from ([21]) and Remark S3] that if G M^,...,^ and ( G r(#(, . . . , H' n ) 
then 

II ^'(^(C) Hop < II^w^^waCOIIop + \\$wi op 

< H^)(rAC)Hop + ||^ op 

< I^IU^JirACIIh+II^AM^^A-vr'MlloplKlh^. 
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Since || W{n(ip)W\— 7r'(y)|| op — > 0, in order to prove that ip G M^^, it suf- 
fices to show that ||r A C|| h < HCllh- If am e H^(8)^ +1 then 0(W A .^ 1 ? M+ i) = 
U Xi+ Mi,i+i)Ui- Let C e r(^, . . . , H' n ) be of the form 

C = 6,2 <8> 7/2,3 ® ■•• ® fn-l,n 

where 6,2 e M 1>fca (^ <g> # 2 ), 77^3 G M k2M ((H' 2 ) A (H' 3 ) d ), . . , and ^-i,n e 
^fc„-i,i(-^n-i ® are such that 

IKIIh = II ^1^2(6,2)* II op || Qk 2 ,k 3 (V2,3y II op • • • Hflfcn-i.l^n-l.n^Hop- 

Then 

TaC = © (W^Aa 4 2 )r/ 2 d 3 ... (Wa„_ 1 ,A„ ® 4„_j£n-M 

and as 

0i M (w XlM ^, 2 ) = u X2 e lM {^ 2 ){u^®i k2 ), 



^fc n _i,l((W / A n _i,A n ® 4„_j£n-l,n) = (^A„ 4„_! )^„_ 1) l(Cn-l,n)^A n _ 1 , 

we get 

llrACllh < ll^^^llopll^^HoplKllop... 

••• ||^fc„_i,l(^-l,ri) t ||op||C^A Tl _ 1 ®4„_i||op 

= ll^l.feate^)* Hop • • • ||0fc„_i,l(£n-l,n) Hop = IKIIh 

This completes the proof for the case where n is even. Now assume that 
n is odd and let T\ : T(H[, . . . , H' n ) — > T(Hi, . . . , H n ) be the linear operator 
defined on elementary tensors by 

r A (6 d 2 ... Vn-l,n) = (W / A 1 ,A 2 6,2) d • • • W^.A^-l.n- 

An estimate similar to the above shows again that || T A C II h < IKIIh- 

By the definition of the map SV'^) and the arguments above, we obtain 

II SV'(^)(C) Hop < \\SwZ7T(<p)W X (0\\op+ \\S(W*n(<p)W X -TT>(<p))(0\\op 

= SUp \\Si®w?n(ip)W x (€l Oik; + \\S(W?ir(tp)Wx-ir'(tp))(()\\op 
6€ifM|6ll=l 

< SUp HSW^C/ajCi r A C)lk„ + \\S(W?n(<p)W x -n'(<p))(0\\op 
€i6Hi,IKi||=l 
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< sup \\S lm ^( m ® r x ()\\ Hn + \\WZ*(<p)W x - 7r'(^)|| op ||C|| 2> A 

rn 6fli ,||>7i 11=1 

= II^^OIIop+II^M^A-vr'MHopllClh.A 

< Iklkx^JlllrACIIh + WMvWx - 7rV)llcp||CikA 

< II^IUx^JlllCllh+II^X^^A-Tr'^llopllClh.A. 

As ||W^7r(y)W^ — 7r / (^)|| op — > we obtain the desired statement, 
(ii) is a direct consequence of (i). <0 

For T G B(H), set rank(T) = dim(TH). It was proved in [T6J Theo- 
rem 5.1] that for ^representations tt and n' of a C*-algebra .4 

7r' <C 7r •<=>- rank(7r'(a)) < rank(7r(a)) for each a G A. (22) 

The next statement is a multidimensional version of J2UJ Corollory 5.3]. 
Its proof follows the lines of the proof of the corresponding statement in the 
two dimensional case and uses Theorem 15.11 instead of [201 Theorem 5.2]. 

Corollary 5.2 Let TTi, 7r- be representations of separable C* -algebra Ai, i = 
1, . . . , n. Assume that 

min{K , rarik(7r-(aj))} < min{K , rank(7Tj(aj))} 

for each a, G Ai and i — 1, . . . , n. 

Then M^...^ C M^...^ and |M|^,... i7r ; < IMk,...,^ for tp G M^,...,^. 

Recall that a ^representation n of a C*-algebra ^4. has a separating vector 
if there is a cyclic vector for the commutant n(A)'. 

Lemma 5.3 Let TC, Hi, . . . , H n be Hilbert spaces, %i, . . . , 7r„ be representa- 
tions of the C* -algebras Ai, . . . , A n on Hi, ... , H n and 7Tj <S> 1 be the amplifi- 
cation of Tii on Hi®H, respectively. Assume that %i and % n have separating 
vectors. Then 

M7Tl,...,7T n = M 7ri (g ) l ! ... j7rn 0l 

and the multiplier norms on these spaces coincide. 

Proof. We use ideas from the proofs of [271 Theorem 2.1] and Lemma [3731 For 
simplicity we assume that n = 3 and that TC is separable. Let if G M„. 1)7r2)7r3 
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witn IML.Tra.Tra = 1 an d set S = %i®i)®(7T2®i)®(7r 3 ®i)(¥0- Tne mapping S can 
be regarded as a mapping on 

C 2 ((# 2 ® H) d , H 3 ®H)Q C 2 ((H l ® W), (# 2 (g ft) d ) (23) 

by setting S(0(£ 2 , 3 ) ® 0« 2 )) = ® 6,3) for C = < 2 ® 6,3 G ® 

H,H 2 ® H,H 3 ® Similarly, the mapping S^i®?^®^^) can be regarded 
as a mapping on C 2 (if 2 , #3) © C 2 ((i/i, i/ 2 ). It follows from Lemma H~8l that 
S^i®^®^) is ^3(^.3)', (7r 2 (^. 2 ) / ) d ,7ri(^.i)'-modular. 

Assume that |M|Tn®i,7r2g>i,7r3®i > 1- Then there exists an element T = 
(T 2 , . . . ,T 2 ) (T3 1 , . . . , r})* in the space defined in with 

iiE^wiiiiEW)*^ 1 

and vectors £0 G i/i ® 7Y, 770 G ii/3 ® W of norm less than one such that 

\{S{T)£o,Vo)\ > 1. 

Fix a basis {//} of 7i and denote by F n the projection onto the space 
generated by the first n vectors in this basis. Then, as 

(1*3 g> P n )S(T)(l Hl ® P n ) -> £(T), 

weakly, there exists n > 1 such that 

Kfe^^^a^^Pn^O^o)! > 1. 

Thus we may assume that £ G #1 <S> P n W and r/ G // 3 (g> P n TC, say 
£0 = (6, • • • ,fn,0, • • = (*7i> • • • ,77n,0. . . .)• 

As 7Ti (^4.i)' and ^3(^.3)' have cyclic vectors, say £ and 77 respectively, we may 
assume that & = a^, rji = bit] for some Oj G 7Ti(^4i)' and 6, G ^3(^.3)'. Let a = 
b = b*bi. Assuming first that a, b are invertible we set 5j = a^a -1 / 2 , 
6i = bib~ x l 2 . Then for £ = a 1 / 2 ^, 77 = 6 1//2 r7 we have = ai£ and 77, = 6,77. 
We write 2* = ((2?), TO ), where (7*) lm = (1^ ® P(ff))T?{l Hl ® P(/ m )), 
(T 2 ) im = (l H3 ®P(/0)^ 2 (l^®P(/ d )), where P(f) is the projection onto the 
one dimensional space generated by /. Using the modularity of S^^^msMi 
we obtain 



\(S(T)^ m )\ 



i=l 
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s n oo 



i=l l,m=l k=l 

s n oo 

y^ y^ ^(^^^(^(^(^^^fc ® (T/) fcm a m )i, 77) 



(24) 



i=l l,m=l k=l 



00 / n 



The next step is to prove that I fy* (Tf ) 



km&r, 



i=l fe=l \z=i 



vm=l 



belongs to ^{H^-, H 3 ) £g> h K-(H 1 , H%). Observe first that the row operator 



is equal to the product of the row operator B = (b\, . . . , b n , 0, . . .) and the 
Hilbert-Schmidt operator Tf. Set R = (R u . . . , = (ST?, . . . , ST, 2 ). 

As each Tf is the operator norm-limit of operators T?(l H d<8)Pk) as k — > 00, 
the operator is the uniform limit of the sequence of truncated operators 

^ = (Er=r^(^i,...,Er=i^ffi 2 k,o...). Th US 



s 00 / n 



i=l fc=i \Z=1 

where the series converges uniformly and 



s oo n 



=1 fe=l Z=l 



EEE^ra^E^ra^n = 11^11 = iiE^n 

1=1 1=1 i=l 

s s 

= ||b(E^ 2 (^ 2 )*)£1 < ll^irilllE^ 2 ^ 2 )*!! - L 



i=i 



i=i 



oo n 



In the same way one shows that the series ^(^(T/) fcm a m )(^(T/) fem a r , 
converges uniformly and 



k=l m=l 



rn=l 



s oo n 



=1 fc=l m=l 



m=l 
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oo n 



Thus £ ^(]T ® (^(^) fem a m ) G /C(ff!, tf 2 d ) ® h /C(tf 2 d , F 3 ) and 

i=l fc=l i=l m=l 

s oo n n 



i=l fc=l i=l 



m=l 



Next IICl 2 = (& 1/2 e,& 1/2 = (&£,£) = £,(^0 = ll^oll 2 < 1. Similarly, 
< 1. Since IM!^.^.^ = 1, it now follows from (|24|) that 



i(5(r)e ,%)i < 



oo / n 



kin^r 



i=l fc=l \z=i 



vm=l 



lllllll^ll<l ; 



a contradiction. 

If a or 6 is not invertible, let e > be such that £ = (£i, • • • 3 Cm e£> 0, . . . ) 

and 170 = (771, . . . , er/, 0, . . . ) have norm less than one and | (S(T)£ , fjo) \ > 
1. Choose Gj and 6j in the same way as before, and let a n+ i = el, b n+ i = el, 
a = ^2^=1 a i a i an d b = ^2^=1 b*bi- Then a and b are invertible and the proof 
proceeds in the same fashion. 

We have proved that M^...^ C M ni!S)1> ,„ )7Tnm and that || ■ H^i,...,^®! < 
II ■ ||-7n,...,7r„- The converse inequality is easy to show, and thus the proof is 
complete. <) 



Corollary 5.4 Let m be a representation of the C*-algebra A4, i = 1, . . . , n. 
Assume that m and ir n have separating vectors. If 

ker(7Tj) C ker(7Tj'), for each i = 1, . . . , n, (25) 

thenM^ u ...^ n C M**,...,^ and IMI^,...,^ < \\<p\\ wu ..^ n , for each ip G M^,...^. 

Proof. The proof is similar to that of [20j Corollary 5.8]; we include it for 
completeness. Let 7i be an infinite-dimensional Hilbert space of sufficiently 
large dimension. Then (1251) implies 

rank(7r^(aj)) < rank(7T i (a i ) ® 1), for all dj G A4. 

By (1221) . 7T^ <C 7Tj ® 1. Applying now Theorem 15.11 and then Lemma [5.31 we 
obtain the statement. ^> 
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Using Corollary 15.41 and results from |20j we will now show that if the 
C*-algebras Ai are commutative then the space M 7ri) ... )7rn (^li, . . . , A n ) of mul- 
tipliers depends only on the supports of spectral measures corresponding to 
the representations 7r,. 

Assume that Ai is commutative, % — 1, . . . , n and let Xj be the maximal 
ideal spaces of Ai] then Ai ~ C (Xi). Let iti be a representation of Ai and 
£ Wi be the spectral measure on X; t corresponding to 7Tj. 

It was proved in [201 Lemma 7.2] that if / G Co (X) and the representation 
ii of Cq(X) is such that rank (7r(/)) < oo then 

rank (tt(/)) = dim^-jx})), 

where S(f,£ n ) ={i£ supp^ : /(x) 7^ 0}. Thus the condition 

suppf^/ C supp£ 7T 

implies ker7r(/) C ker7r'(/). As each representation n of a commutative 
algebra Co(X) has a separating vector we have the following 

Corollary 5.5 Let Hi, 7^ be separable representations of the C*-algebra Ai = 
C (Xi) and £ n . and £ n > be the corresponding spectral measures (i — 1, . . . , n). 
If 

supp £rf. C supp £ m , for each i — 1, . . . , n, 
then M^...^ C M^...^. 

Let jU, be measures on Xj. Let Hi be a representation of Co(Xj) on 
L 2 (Xi, fii) defined by {^i{f)h){xi) = f(xi)h(xi). We call (p G Co(Xi x . . . x 
X n ) a (/ii, . . . -multiplier if y? G M Ilr .. )In and let IMU,...,^ = IMU,...,^- 

By Corollary I5.5j the set of the all (fj,i, . . . , /i n )-multipliers depends only 
on the supports of measures Hi- The next statement shows the connection be- 
tween (fix, . . . , /i n )-multipliers and multidimensional Schur multipliers (with 
respect to discrete measures). 

Corollary 5.6 Let Xi be locally compact spaces with countable bases and let 
Hi be Borel a -finite measures on Xi with supp Hi = Xi. Then tp G Cq(X\ x 
. . . x X n ) is a (hi, ■ ■ ■ , Hn) -multiplier if and only if ip is a Schur multiplier 
on X\ x . . . x X n . Moreover, in this case || v?||^ ll ... J ^ n — ll^yll' 

Proof. The proof is similar to that of [201 Theorem 7.5]. <C> 



40 



6 Universal multipliers 



The main goal of this section is to give a full description of the multipliers 
which do not depend on the choice of the representations of the C*-algebras 
Ai, A2, ■ ■ ■ , A n . Recall that an element <p G A± • • • A n is called a univer- 
sal multiplier if tp is a tti,ttz, .. . , 7r n -multiplier for all representations ttx, 
7T2,..., 7r n of ^4i, ^4.2: • • • , respectively. The set of all universal multipliers 
in Ai <S) • • • <£> -An is denoted by M(Al, . . . , An). 

Along with the universal multipliers, we will describe another class of 
multipliers which we call projective universal multipliers and define as follows. 
Let Hi, ... , H n be Hilbert spaces. Equip T(Hi, . . . , H n ) with the projective 
tensor norm || ■ || A , where each of the terms if; H i+ i (resp. Hf_ t Hf) is 
given its operator norm. We call an element ip G B(Hi ® • • • ® H n ) a concrete 
projective multiplier if there exists C > such that ||5' v ,(C)||op < C||C||a> for 
all C G r(ifi, . . . , if n ). If A\, . . .A n are C*-algebras, an element p E A\® 
■ ■ -®A n will be called a projective universal multiplier if (7Ti®- • •(S>7r n )( ( / 9 ) 
is a concrete projective multiplier for all choices of representations . . . ,7r n 
of Ai, ... ,A n , respectively. We denote by M A (^4i, . . . ,A n ) the set of all 
projective universal multipliers. 

If ip G M(Ai, ...,An) let 

|| V- 7 !! univ = SUp || ^11^1,772, ...,7T n • 
7ri,7T2,...,7r n 

Note that ||<^|| un i V is finite. In fact, assume that there exist representations 
7ri,fc,...,7r n ,fc, such that H^H^ fcj7r2 fc) ... )7rn fc ^ fc ^oo 00 and let 7Ti = 07T lifc , 

7T2 = 7T2,fc, • • • , 7T n = 7T njfc . Then, by Theorem EH 

fc fc 

^lUl.fci^.fcvi'Tn,*! — II VIItTI,^, — ,7T n > 

for all fcGN, which contradicts the fact that </? G M(y4.i, . . . ,A n ). 

It is clear that M(Al, . . . ,A n ) is a linear subspace of Ai • • • *A n 
containing .Ai © • ■ ■ © A n . 

Recall that the Haagerup norm on A\ © A2 • • • A. n is 

||o;|| h = inf{||wi|| ||a? 2 || • • • ||^n|| : u = ^1 © ^2 • • • w n , 

^1 e Mi A (A),^2 e M il>i2 (A 2 ), ...,u n e M in _ ul (A n ),i 1 ,i 2 , . . . ,z„_i g n}. 

A modification of the Haagerup norm on the algebraic tensor product 
of two C*-algebras was considered in [19, 20J. We now introduce a natural 
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generalisation of this norm for arbitrary n. Recall the maps uj i— > ufi and 
uj I— > w d on M ra (^4) = M n (C) ® „4 given on elementary tensors by (a &)* = 
a* 6 and (a 6) d = a 6 d (here ^4 is a C*-subalgebra of B(H) for some 
Hilbert space if). We set 

IMIph = inf{ ] [ ||o;*_ 2i ||||a; n _2i-i|| : w = Wi 0w 2 . . . w n , co> = I, 

0<i<f 

wi G M 1m (A 1 ),uj 2 E M h42 (A 2 ), ...,uJ n E M in _ ltl (A n ) 1 i 1 ,i 2 , . . .,i„_i G N}, 

In the case n = 2, the above norm was denoted in [19J by || • || h /. Clearly, 
if the algebras Ai, % = 1, . . . ,n, are commutative then the norms || • || h and 
|| ■ ||ph coincide. It was shown in [T^] that in general they need not be even 
equivalent. 

Lemma 6.1 ||a;|| un i v < ||o;||ph for all uj E Ai . . . A n . 

Proof. Let %i be a representation of At, i = 1, . . . , n, and let uj = uj\ © uj 2 © 
...Quj n , where u)\ E Mi tkl (Ai) , UJ 2 E M klM (A 2 ), ...,uJ n E M kn _ lA (A n ) for 
some hi, k 2 , . . . , k n _i E N. 

Let n be even, 6,2 E M lh (H x ®H 2 ), %j3 E M hM (H$®H$), £ n _ x , n G 
M ln _ 2tl {H n ^®H n ) and 

C = 6,2 © 772,3 • • • £n~l,n G r(ifi, . . . , if n ). 

Letting 7r = 7Ti . . . n n , by Lemma 14.81 we have 

^H(C) = (idi,fe„_! 7Tn)K.) . . . (O hi i 2 (r) 2>3 y J fe2 ) 
x((id fel)fc2 n 2 ){uj\) 4)^1,^(6,2)* ifcJCid 7ri)M) d . 

Since || (id fcm _ lifcm 07r m )(^) d || = ||(id fcm _ lifem ®7T m )(u; m )||, we have 
HWOIlop < \\0t, h (6,2)1... Wdi^n-xM 

X II IK-2illlK-2i-l|| = |M|ph||Cllh- 

0<i<f 

Now let n be odd and 

C = vi,2 © 6,3 • ■ • 6-i,n g r(^i, . . . , #„), 



42 



where 771,3 G M 1A (Hf <g> # 2 d ), £ 2j3 G M, ljJa (# 2 H 3 ), . . . , £ n _i,„ G M in _ 2il 
(H n _i i/ n ). Using the previously obtained inequality, we have 

II (Oil op — SUp ||5'7r(w)(C)(0l|ffn 

IKII<1 

= sup ||Si d(gW (i (8(1 ,)((l ®f) C)||e(cd,H n ) 
ll€ll<i 

< ikiuiiemiciih. 

The proof is complete. <0 

If Hi, . . . , H n are Hilbert spaces, we say that a net {^i,} C B(H\ 
■ ■ ■ iy n ) converges semi- weakly to an operator </? G _B(-£?i • • • ff n ) if 
(wCi> C2) -> (y»Cij C2) for all Ci, C2 G Hi • - • © H n . Note that if the net {ip v } 
is bounded then it converges semi-weakly if and only if it converges weakly 

Let Ai C B(Hi), A 2 C B(H 2 ),..., A n C B(# n ) be C*-algebras and 
(Al i 2 • • ■ Ai)" be the linear space of all G *4. 2 • • • A n 
for which there exists a net {c^v} C Ai .A 2 ■ ■ ■ A n converging to <p 
semi-weakly (as a net of operators in B(Hi ®if 2 §...® H n )) anci such that 
sup ||w||ph < 00. 

v 

Proposition 6.2 Let Ai C B(Hj), i = 1, . . . ,n, be C*-algebras. Then (Ai 

•■•0i„)«cM(i 1) ...,i n )cM A (A,..,A). 

Proo/. Since ||CIU < IKIU for all C G . . . , tf n ) we have M(A U ...,A n )C 

M A (Ai,...,A n ). 

Let us first prove that 

{Ax • • • © C M Ilr . )I Jii, . . . ,An), 

in the case where %i = ® id is the sum of Aj copies of the identity represen- 

tation. Let {<p u } Q Ai . . . *4 n be a net converging semi-weakly to tp and 
such that D = sup Hy^Hph < 00 and n = tti . . . 7r n . By Lemma I60L] 

V 

ll^)(Ollop<^IICIIh 

for all 1/ and £ G T(Hi, . . . , 

Suppose first that n is even. To prove that ||<Sn-(p)(C)||op < ^||C||h> it 
suffices to show that the net {S^o^C)} of operators in B(Hf, H n ) converges 
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weakly to the operator (C) (here and in the sequel we set Hi = ® H i} % — 

1, . . . , n). By linearity and the uniform boundedness of the net {SV^^C)}? 
it is suffices to prove that 

(0^)2/) (^(^)(C)^ d ,Z/) 

for all x d and y which have only one non-zero entry in the corresponding 
direct sums of Hf and H n , respectively 

Fix such x d and y, and let ( = 6,2 (g> ?7 d 3 <8> • • • ® £n-i,n G r(i?i, . . . , ff n ). 
Then 

( S ^)(C)x d ,y) = {K{<p v ){£l,2®---®£n-l,n),X®V2,Z®V^h®---®Vn-2,n-l®y) 

Indeed, assuming n = 4 for the simplicity we get 

= K(^)0(6, 2 ® 6,4), #(^2,3) ® 0(a; ® y))) 2 
= ((7,^)0(6,2 <8> £3,4), 0(x ® ^2,3 ® y))2 
= M^) (6,2 ® 6,4), £® 772,3® 2/)- 

Fix e > and let £ = 6,2 ® ??2 3 ® ' ' ' ® 6-i,n De such that all norms 
II6,2-6,2||, || ^2,3 ^2,3||)- • • i,n 6-i, nil are smaller than e and all 
vectors 6.2, ^235- • • >£n-i,n are finite sums of elementary tensors which have 
only finitely many non-zero entries in the direct sums of the corresponding 
Hilbert spaces. Thus, we may assume that 6 j2 G H^Oi?^, 772,3 £ H 2 0-ffg 
. . . ,6-i,n G fl^j © #n fc) , x d G #{ fe) and y G for some k G N. 

It follows from the formula above that there exists u such that if v > u 
then 

I (^(w) (0^,2/) ~ ( s n&)(()x d ,y)\ < e. 

On the other hand, 

l(S 7 r( ¥ v)(O d ! 2/) - (^(^)(C)a; d ,l/)l 
< D|N|||y||||C-Cllh< (C + e )"- 2 D(n-l)||x||||y||c, 

for every u, where C = max{||6,2|| ; 1 1^72,3 1 1 ■ ■ ■ , ||6-i,n||}- Using Remark |4.3[ 
we have 

i(wo^)-(wc> d ,2/)i 

< lklllklllbllllC-ClkA< ||^|(C + e)"- 2 (n-l)W|M|e. 
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Thus, 

\(STr(<p„)(()x d ,y) - (S n(ip) (()x d ,y)\ 
< e(l + (C + e) n ~ 2 D(n - 1) \\x\\ \\y\\ + \\<p\\(C + e) n -\n - 1) \\x\\ \\y\\) 

whenever v > u . It follows that the net {^(^(C)} converges weakly to 
(C) and hence (p e M^,...^ {Ax, . . .,A n ). 
In the case n is odd, a calculation similar to the one above shows that 
( s ^)(C)x,y) is equal to 

(ir(<p v ) {x ® £ 2i3 ® . . . ® ^-i,„) , 771,2 ® • • • ® r/„- 2 ,n-i ® y) , 

whenever x e H 1 , y £ H n , ( = rjf 2 (g> £2,3 ® • • • ® Cn-i,n e r(iJ l5 ...,H n ), and 
the proof proceeds in a similar fashion. 

Now let 7Ti, . . . , 7r n be representations of Ax, . . . , on H ni , . . . , if^ 
and 7r = ix \ ® . . . <g> 7r n . Then 

rank(7Tj(aj)) < rank I id(dj) J 

\dim(H 1 , i ) J 

for all aj G and % = 1, .., n. By Theorem 15.11 (i), 

M0id,©id,...,©id(-4l) . . . ,A n ) C M 7ri)7r2) ... )7rfe (^4.i, ^4.2; • • • j-4n)- 

The proof is complete. {> 

Assume that n is even. Then the mapping SW^) acting on r(i/j, . . . , 
# n ) = (#1 <g> iJ 2 ) © (#2 ® #3) © • • • © (-Hn-i ® #n) can be regarded as a 
mapping on the algebraic tensor product 

HS(H n _i, H n ) HS(H n _ 2 , H^Y © ... #£(#1, ff 2 ) (26) 

of the corresponding spaces of Hilbert-Schmidt operators by letting 

SU0(£„-1,„) ® %n-2,n-l) d ® ^(Cn-3,n- 2 ) ® • • • ® 0(fl, 2 )) = ^(C), 

where £ = £1,2 <E> r/ 23 ® £3,4 ® . . . ® £n-i,n- Denote the space (126]) by i7ST 
. . . , H n ). If 9? is an elementary tensor then Lemma 14.81 (i) shows that 
<Sid((p) is A' n , (An-i)', ■ ■ ■ , A' 2 , (^4i d )'-modular. It follows by continuity that 
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Sid(<p) is • • • , A' 2 , (^i d )'-modular for every ip G A x • • • A n . If 

moreover G ..^(A) . . . , A n ) then jSw^) can be extended to a bounded 
mapping (denoted in the same way) from the algebraic tensor product 

ff n ) 1C(H*_ 2 , H^Y • • • /C(tf d , if 2 ) 

into IC(Hf, H n ). By continuity this extension is A' n , (-4^_i)', • • • , A 2 , (A d )'- 
modular. 

Similarly if n is odd and <p G M id) ... jid (^4 1 , . . . , An) then S^tp) can be 
regarded as a multilinear A' n , (A n -i d )', . . . , (-4.2 d )', ^-modular map from 

/C(^_ l5 ff n ) K(H*_ 2 , H n ^ • • • /C(JTd a H2 ) 

into # n ). Denote by ... >id (A, ■ ■ ■ , A») the set of all (id, . . . , id)- 

multipliers for which the mapping is completely bounded. 

Proposition 6.3 Let A{ C B{Hj), i = 1, . . . ,n, be von Neumann algebras. 
Then M?l . d (A u . . . , A.) C (Ai • • • 

Proof. Assume first that n is even. For notational simplicity we assume that 
Hi is separable, i — 1, . . . , n. Let id : A\ • • • -4„ — > £>(ifi ■ • • H n ) be 
the identity representation. 

Let ip G Mf d b id (A, • • • , AO- Then 

^id(<p) is a multilinear (Al-i)'; 

. . ., A' 2 , (^i d )'-modular mapping on 

/C(tf d _ l5 tf n ) K(H n _ 2 , Ht,) • • • /C(# d , tf 2 ) 

taking values in IC(Hf, H n ). Let H°° = H®1 2 and 1^ be the identity operator 
on I 2 . 

Since Sm^) is completely bounded, it extends to a completely bounded 
mapping, denoted in the same way, from 

/C(tf d _ l5 #n) 0h /C(// n _ 2 , tf^) h • • • h JC(H?, H 2 ) 

into JC(Hf,H n ). Then the second dual S^*, ^ is a weak* continuous com- 
pletely bounded mapping from B(H d _ ± , H n ) CTh ... ® ffh B(Hf,H 2 ) into 
B(Hf, H n ) and hence gives rise to a weak* continuous completely bounded 
A' n , (-4 d ~i)'> • • ■■> A 2 , (A± d ) '-modular multilinear map, denoted in the same 
way, from 
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into B(Hf, H n ). 

It follows from Corollary 5.9 of [9J that there exist bounded linear oper- 
ators A 1 : Hf -> (Hf)°°, Aj : Hf -> P°°, if j is even, Aj : (#/)°° -> (Hf)°° 
if j is odd (j = 2, . . . , n — 1) and A n : if^ 3 — > P n such that the entries of 
Aj with respect to the corresponding direct sum decomposition belong to 
A!- = Aj for even j and to (Aj)" = Aj for odd j, 

3dfo.)(0 = ^n(0(£»-l,n) ® /oc)^n-l(^(^n-2,n-l) d ® /oo)A>-2 • • • A U 

for all 

C = 0(£„_i,„) ® ^(^- 2 ,n-i) d ® . . . ® e(Ci, 2 ) e Hsr(H x , ...,H n ), 

and 

l|£id(»||cb = j [ || All- 

l<j<n 

Let P m>1 , = (p^)n = i be the projection with G B(H m ) (resp. G 
B(H^)), p™ = Iff m (resp. = I H a ) if m is even (resp. if m is odd) and 
1 < i < v, and plj = otherwise. 

Set <p v = A d 1 ' t P 1 d u QP 2 ^A 2 P 2 , u QP 3 , u AlP 3:U . . .®P n ,vA n . Clearly, ||^|| ph < 
f] \\Ai\\ for each z/; it hence suffices to prove that {tp u } converges semi- 

X<i<n 

weakly to (p. 

As S id (<p„)(() equals 

A n P njV (9(£ n -X,n) ^oo)-Pn-l,i/^4n-l-Pn-l,!/(^( 7 ?n-2,n-l) d ^oo )...P ltV Ai 

and P/ )l( converges strongly to we have that 5 , i d( ¥ , t ,)(C) converges weakly 
to 5'id(^)(C)- By the proof of Proposition I6.2[ if x d G i/f, y G P n and 
■0 G Ax ■ ■ ■ Ai then (S , i d(^)(C)^ d , y) equals 

((Ti A (-(p)9(^x, 2 ■ ■ ■ £k-X,k),Q(x ^2,3 ■ ■ ■ 77fe-2,fc-l 2/))2 
= (</>(fl,2 ■ ■ ■ &-l,*)> 3; 7/2,3 ® ■ ■ ■ ® Vk-2,k-X y)- 

Thus y?^ converges semi- weakly to <£> and therefore G (A ... An)K 
giving the inclusion ___ M (Ax, ■ ■ ■ ,A n ) (1 (Ax® . . . Q A n )K 

Now assume that n is odd. In this case S?£, \ * s a wea ^* continuous com- 
pletely bounded multilinear (At-i)'? • • ., (A d )', .Ai '-modular mapping 
on 

B(H*_x, H n ) x B(H n _ 2 , H*_x) * • • • x Pf 2 d ) 
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taking values in B(Hi, H n )**. Let Q be the weak* continuous projection from 
B(Hx, H n )** onto B{H U H n ). Then Q o S** (v) takes values in B(H u H n ), and 
coincides with S^^) on HST(Hi, . . . , H n ). The proof now proceeds as above. 



Proposition 6.4 Let Ai C B(Hi), % = l,...,n, be C*-algebras. Then 

m a (Al, ....An) cMj... iid (A,...A). 

Proof. Let </? G M a (Al, . . . , *4. n )- Then there exists a constant D > such 
that 

for all C ^ r(i/ 1 , . . . , and all representations 7i"i, . . . , ir n of Ai, • • • 3 ^n, 
respectively. 

Let lie N. The space HST(H^, . . . , if^) is naturally isomorphic to 

M k (HS(H n ^, H n )) M k (HS(H n _ 2 , H n ^) d ) ... M k (HS(H u H 2 )), 

(27) 

and thus the mapping ^id®^)®...®^®^)^) is well-defined on the space f[2"T|) . 
One can easily check that 

$id ®...®id(<?) ... Si) = #( id ®i fc )®...®(id®i fc )(¥>)( s n-i © • • • © Si), (28) 

where S* G M k (HS(H h H i+1 )) (resp. Sj G M k (HS(H u H l+1 ) A )) if i is even 
(resp, if i is odd) andS, G M k {HS{H h H i+1 ) d ) (resp. S< G M k {HS{H h H i+1 ))) 
if z is odd (resp, if z is even). If the matrices S$ are of arbitrary sizes such 
that the product S n _i ... Hi is well defined then they may be considered 
as square matrices, all of the same size, by complementing with zeros, and 
identity (J2ED will still hold. It follows that 

ll^id®...®id( v )( S i © • • • © S n-i)llo P < D Y\_ ll-illop, for all Hi, . . .H n _i, 

l<*<n-l 

and hence the mapping Sid®...®id(vj) is completely bounded and f is an (id, . . . , 
id)-multiplier. (} 

Theorem 6.5 Let At C B(Hi), i = 1, . . . ,n, be C*-algebras. Then M(A X , 
. . . , An) = M A (A ll ...,A n ) = (A 1 Q---Q A n )K 
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Proof. By Propositions 16.21 16.31 and 16.41 
Evidently, 

M 1 t..., id (A, • • • , An) c Mj... iid K, . . . , AO n (A (g) . . . (g) A). 

Applying Propositions 16.21 16.31 and 16.41 we obtain 
(A - • • © A)" C M(A,--.,A) 

c M A (A,...,A) 

c Ad (Ax, ...,An) 

c M^.^K, . . . X) n (A © . . . © An) 

= (A" © ... © AO* n (Ax © . . . © An). 

It hence suffices to show that 

(A" ... © A)* nii®...®A>C(i 1 0...0 A) tt - 

Let 95 G (A/ . . . A)" H (Ax © . . . © AO- Then there exists a net 
Wu}ueJ Q A" ... A with sup ll^Hph < 00 which converges semi- 

V 

weakly to cp. Write tp v = Ax v . . . A n v , where A lv G Mi ^ (A"),A 2 „ G 
M il>i2 (A^,...,A n!V eM in ,x(A^. 

By Kaplansky's Density Theorem for TRO's [17], for each pair (m, v) 
there exists a net {A m ,^, T ( m )}r(m) C M im _ uim (A m ) converging strongly to 
A myU and such that 1 1 An,i/,T(m) 1 1 < ||An,i/|| f° r au r(m). Thus if A UjT = 
Ax, v ,t(i) © A 2>V)T (2) © • • • A,^,r(n), where r = (r(l), . . . , r(n)), then the net 
{A U>T } T converges strongly to p v and ||A,rlU ^ II^IU- 

Let U be the collection of all weak neighbourhoods of of the form {S G 
B{H X ®- ■ -®H n ) : \(S((i),(i)\ <e j ,j=l,... i k}, where & <& e #!©• • 
and 6j > 0, j = 1, . . . , k. Note that U is directed with respect to reverse 
inclusion. The convergence of the net {(p u }ueJ semi-weakly to ip implies that 
for every U El4 there exists v(U) such that for every A G J with A > v(U), 
we have that p\ — ip G U. The convergence of {A UjT } T to p v implies the 
existence of T(y(U),U) such that for every r > T(u(U),U), we have that 
A v (u),t ~ fu(u) € U. Consider the net Ajj = A v m\Ti v {u),u) indexed by U. It 
is easy to check that Ajj converges semi-weakly to p. The proof is complete. 

<> ' 
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Note that in Theorem 16.51 we actually proved that if n is even, ip G 
M(A U ...,An), ( = 6,2 © • • • © f„-i,„ e r(if l5 . . . , H n ) and 

5id®...®id( v )(C) = 4,(0(£n-l,n) ©!)••• (^(6,2) © 

where for i even (resp. for z odd) is a bounded block operator matrix 
with entries in A" (resp. (Af)"), then there exists a net ^ = A£ • • • 
A^, where is a finite block operator matrix with entries in Ai such that 
ip u ^ ip semi- weakly, A\ A { (resp. — >■ Af) strongly for i even (resp. 
for i odd) and all operator norms \\Ai\\ are bounded by a constant 

depending only on n. A similar statement holds in the case n is odd. 

Denote by (Ai © ... © A n )~ the set of all ip G Ai © . . . © *4. n for which 
there exists a net {y?^} C A\ • • • *4. n , such that sup || wllph < 00 and if 7T; 

is an irreducible representation of »4j, i = 1, . . . , n, then {(7Ti © . . . ©7r n )(^)} 
converges semi-weakly to (7i"i © ... © ir n )(<p). Note that if sup ||<£v||mm < 00, 

which holds for example when the norms || ■ || p h and || ■ || h are equivalent 
(see [IS]), then in the definition of the space [A\ © ... © A n )~ the semi- 
weak convergence can be replaced by the convergence in the weak operator 
topology. 

It follows from |20j that if A and B are commutative C*-algebras then 
TS/L(A, B) = (AqB)~ . As a corollary of Theorem 16.51 we show that the same 
equality holds for an arbitrary number of arbitrary C*-algebras, giving an 
answer to a problem posed in [20J . 

Theorem 6.6 Let Ai, i — 1, . . . , n, be C*-algebras. Then 

M(A U . . . , An) = M A {Ai, . . . , An) = {A! . . . © An)~. 
Proof. Let tt\ — ® it, . . . , 7i n = @ tt, where IrrRep(Ai) is 

irGlrrRep(Ai) Tr£lrrRep(An) 

a set whose elements are all inequivalent irreducible representations of Ai. 
Then 

M(Al,...,An) = (Tr!©...©^)- 1 ^!^)©---©^^))* 

C (AlQ ...®A n )~. 

Using arguments similar to the ones from the proof of Proposition \Q.2\ one 
can show that 

(Ai . . . © AnT Q M (^i, • • • , 
which together with Theorem 16.51 gives the statement of the theorem. (} 
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